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Abstract

The stability of pressure driven modes such as the 1/1 internal kink is known to depend sensi-
tively on a multitude of physical effects such as toroidal rotation, kinetic effects due to thermal
and suprathermal particle species and finite Larmor radius effects. Presently available models
do not take into account these combined effects in a consistent way. This thesis presents the
derivation of a novel kinetic magnetohydrodynamic (MHD) model utilizing a kinetic pressure
closure which incorporates all of these physical mechanisms and can in particular be used to
study the interplay of important centrifugal and kinetic effects in strongly rotating plasmas.
The kinetic-MHD model is based on an original derivation of a consistent set of guiding-centre
equations allowing for sonic flow. Important higher-order Larmor radius corrections to the
guiding-centre coordinates, which are conventionally discarded, are discussed in detail for
two applications: The first application concerns neutral beam injection (NBI) heating. It is
shown that higher-order (Bafios drift) corrections affect the expected resonances of particles
with resonant magnetic perturbations (RMP), as well as the estimated NBI driven current in
slowing-down simulations in a MAST-like equilibrium by up to 8%. As a second application,
the full expression for the gyroviscous contribution to the pressure tensor is obtained from
guiding-centre theory. Higher-order guiding-centre corrections are shown to lead to a non-
circular Larmor motion of the particle around its guiding-centre which result in off-diagonal
components of the pressure tensor. The derived expression for the pressure tensor in terms of
the guiding-centre distribution function is used to formulate a consistent linear kinetic-MHD
model with kinetic closure for the pressure. The proposed kinetic-MHD model allows for
strong flows and includes centrifugal as well as diamagnetic flows. The model also includes a
drift-kinetic form of the quasi-neutrality equation, and allows the effects of a parallel electric
field on global MHD modes to be studied self-consistently. Pressure closure of the kinetic-
MHD model is obtained from a solution of the guiding-centre equations, thus taking into
account finite orbit-width effects and particle-wave interactions such as precession resonance.
The benefits of the pressure closure approach over an approach following current-closure
are discussed. It is shown that due to several convenient cancellations, the pressure closure
approach can be based on first-order guiding-centre equations while an equivalent model
formulated in terms of current closure would require second-order corrections to be retained.
Thus, the benefits and the efficiency of a formulation of kinetic-MHD models with pressure
closure over alternative models based on current closure are demonstrated.

Keywords: MHD stability, internal kink, guiding-centre theory, strong rotation, kinetic-MHD,
finite Larmor-radius, Bafios drift, diamagnetic flow
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Zusammenfassung

Es ist bekannt, dass die Stabilitdt von druckgetriebenen Modi wie dem 1/1 “Internal Kink”
empfindlich von mehreren physikalischen Mechanismen abhéngt, einschliesslich der Toroidal-
rotation, kinetischer Effekte bedingt durch thermische und superthermische Partikelarten und
endliche Larmor-Radius-Effekte. Die verfiigharen Modelle bertiicksichtigen diese kombinier-
ten Effekte nicht in konsistenter Art und Weise. Diese Dissertation prasentiert die Herleitung
eines neuartigen kinetischen Magnetohydrodynamik (MHD)-Modells unter Verwendung ei-
ner kinetischen Druck-Schliessung der Impulsgleichungen, welches all diese physikalischen
Effekte beriicksichtigt und zur Untersuchung des Zusammenspiels wichtiger zentrifugaler
und kinetischer Effekte in rotierenden Plasmen verwendet werden kann. Das kinetische
MHD-Modell basiert auf einer neuen Herleitung konsistenter Gleichungen fiir die Leitzentren
(guiding-centres) mit Flussgeschwindigkeiten in Hohe der Schallgeschwindigkeit. Wichtige
Larmor-Radius-Korrekturen hoherer Ordnung werden im Detail in zwei Anwendungen disku-
tiert: Die erste Anwendung betrifft die Neutrale-Partikelstrahl-Injektion (NBI). Es wird gezeigt,
dass (Banos-Drift) Korrekturen die erwarteten Resonanzen von Partikeln mit resonanten ma-
gnetischen Storungen (RMP) beeinflussen, sowie den geschétzten NBI-induzierten Strom
in einem MAST-dhnlichen Gleichgewicht um bis zu 8% @ndern kénnen. Als zweite Anwen-
dung wird der gyroviskose Beitrag zum Drucktensor aus der Leitzentrumstheorie hergeleitet.
Korrekturen héherer Ordnung fithren zu Abweichungen von einer kreisférmigen Larmor-
Bewegung des Partikels um sein Leitzentrum, welche in nicht-diagonalen Komponenten des
Drucktensors resultieren. Der hergeleitete Ausdruck fiir den Drucktensor wird verwendet,
um ein konsistentes, lineares kinetisches MHD-Modell mit kinetischer Druckschliessung zu
formulieren. Das Modell berticksichtigt sowohl zentrifugale als auch diamagnetische Effek-
te. Eine drift-kinetische Quasi-Neutralitidtsgleichung ermdglicht es, die Auswirkungen eines
parallelen elektrischen Feldes auf globale MHD-Modi zu untersuchen. Druckschliessung der
Impulsgleichung wird durch die Losung der Leitzentrengleichungen unter Beriicksichtigung
endlicher Bahnbreiteneffekte (finite orbit width) und Partikel-Wellen-Wechselwirkungen, wie
etwa Pridzessionsresonanzen, erreicht. Die Vorteile des Druckschliessungsansatzes gegeniiber
einer Stromschliessung werden diskutiert. Es wird gezeigt, dass unter dem Druckschlies-
sungsansatz Leitzentrums-Gleichungen erster Ordnung ausreichend sind, wohingegen ein
vergleichbares Modell basierend auf einer Stromschliessung Korrekturen zweiter Ordnung
erfordern wiirde. Dies zeigt die Vorteile und die Effizienz einer Formulierung des kinetischen
MHD-Modells mit Druckschliessung der Impulsgleichung gegeniiber alternativen Modellen
basierend auf einer Stromschliessung auf.



Keywords: MHD-Stabilitédt, Internal-Kink, Leitzentrentheorie, Toroidalrotation, kinetische
MHD, finiter Larmor-Radius, Bafios-Drift, diamagnetische Strémung
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1§ Ideal MHD and beyond

1.1 Introduction

The central goal of the continued international research effort in fusion-oriented plasma
physics is the stable confinement of plasmas at temperatures and pressures at which fusion
reactions can take place [Fre07]. A plasma is an electrically conducting, neutral gas of electrons
and ions, with a very low electrical resistivity. The best candidate for a fusion reaction achiev-
able on Earth is the deuterium-tritium (DT) reaction, which occurs at temperatures of around
150 million degrees Celsius [OKWZ16]. One of the most promising candidate devices for the
confinement of plasmas at these temperatures is the tokamak: A device in which external
coils generate strong magnetic fields to keep the plasma magnetically confined, schematically
shown in Figure 5.1.

It has been proven experimentally that the temperatures and pressures required for fusion
reactions to take place can be created and sustained in tokamak devices. In 1991, a large-
scale DT experiment conducted at the Joint European Torus (JET) experiment in Culham, UK,
achieved up to 1.7 MW of fusion power production in a short pulse of around 2 s [Reb92]. A later
DT campaign in JET, in 1997, achieved over 16 MW in fusion power, for about 1 s [KGG"99].
A longer duration of sustained fusion power of over 4 MW over a duration of over 5 s in
JET are reported in [J*99]. Despite these experimental achievements, the ultimate goal of a
commercial use of fusion for electricity generation has not been attained at present.

The future success of this research programme will depend in part on a better understanding
of the complicated physical mechanisms present in magnetically confined plasmas at such
high temperatures [SCM*07, FBC*16]. New physics insights may result in more efficient
heating [GSL*07], better confinement of the plasma with reduced transport of heat away from
the hot core [PMP*07], and at the same time allow stable operation over long time-scales and
free of disruptive instabilities [HWB™*07]. While it has been shown that, in principle, conditions
suitable for fusion can be achieved experimentally, the exciting next question is whether this
can be done in a sufficiently efficient manner such that the energy required for the operation
of the tokamak is outweighed by the energy set free in the fusion reactions taking place in the
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Figure 1.1 — A schematic illustration of a tokamak. Courtesy of EUROfusion

plasma core.

As already noted above, one of the most successful approaches to the confinement of high-
temperature plasmas is the tokamak configuration. In a tokamak (cp. Figure 1.1), a strong
toroidal field is generated by currents running through external coils. Additional transformer
coils (the central solenoid) are used to induce a toroidal current in the plasma. This toroidal
current serves two objectives. Firstly, it is used to heat the plasma through Ohmic dissipation.
Secondly, this plasma current induces a poloidal magnetic field in addition to the externally
applied toroidal field. This means that the magnetic field in a tokamak is not purely toroidal,
but instead winds helically around the machine, and is designed to fill out well-defined torus-
shaped surfaces, called flux surfaces.

The enforced axisymmetry of the plasma in a tokamak configuration makes such devices
not only easier to build, but also simplifies the theoretical understanding of the physics
relevant for tokamaks, compared to other magnetic confinement configurations without such
symmetry. The toroidal symmetry in a tokamak implies that the canonical toroidal momentum
is a constant of charged particle motion. The presence of such a conserved quantity has
far-ranging consequences for the confinement of particles in a tokamak configuration. An
important aspect in understanding and predicting the enhanced particle transport in real-
world experiments are thus deviations from axisymmetry, allowing the conservation of toroidal
momentum to be broken. One source of the breaking of axisymmetry is due the finite number
of field coils, which in reality achieve to produce only an approximately axisymmetric toroidal
field. Another source of axisymmetry breaking are fluctuations in the magnetic field, which
occur in the presence of plasma instabilities. Both of these effects are sources of symmetry

2



1.1. Introduction

breaking, and are found to markedly increase particle transport, and therefore deteriorate
plasma confinement.

The fact that the magnetic field lines wrap around the device helically to form flux surfaces in
a tokamak has many implications for the plasma dynamics: Since charged particles approxi-
mately follow magnetic field lines, the transport of energy and momentum in the direction
parallel to the field lines is very large compared to the transport perpendicular to the flux
surfaces. This means that temperature gradients along the field lines are very quickly damped
out by diffusion. As the magnetic field lines densely fill out most flux surfaces, this has as a
consequence that the temperature at equilibrium must be constant on each flux surface to a
good approximation, and can therefore depend only on a radial variable perpendicular to the
flux surfaces. By this argument, large gradients are permitted only across flux surfaces.

To obtain the best performance in such a plasma configuration, one seeks to maximize
the pressure and temperature at the core of the plasma. For plasma heating of the core
in high-performance plasmas, Ohmic heating due to the externally induced current is not
sufficient, because the electrical resistivity of plasmas decreases rapidly as the temperature
isincreased [Fre07]. Additional heating mechanisms are used to heat the plasma core. Such
heating schemes include the heating of ions by the generation of externally injected elec-
tromagnetic waves which resonate with the ions cyclotron motion (ion cyclotron resonance
heating, or ICRH) and the injection of neutral beam ions (NBI). In both cases, this heating
results in a fraction of highly energetic ions in the plasma. The objective is then to confine this
suprathermal species of ions over time-scales that are sufficiently long for their energy to be
transferred to the background ions and electrons of the plasma via collisions.

Invariably, the achievable performance even with such auxiliary heating mechanisms is limited
by plasma instabilities, which typically occur when the large gradients perpendicular to the
flux surfaces exceed a threshold value [Frel4]. In the worst case, such instabilities can lead to
plasma disruptions which result in the complete loss of the plasma. These types of catastrophic
instabilities set hard limits on the available parameter space at which safe operation of a
tokamak is possible. A second type of instability does not result in the complete termination
of the plasma, but rather results in a degradation of its performance [CPG*07]. Examples of
such instabilities are internal instabilities such as the sawtooth and the fishbone instabilities.
The effect of these instabilities is typically the sudden expulsion of hot ions in the plasma
core, resulting in a collapse of the peaked pressure and density distribution at the centre, and
consequently a less well performing plasma.

Various plasma models have been proposed to describe the physical mechanisms that play
a role in such plasma instabilities. Such models are not only required to understand and
avoid plasma instabilities. They can also be used to explore possible mechanisms to suppress
these instabilities and potentially allow operation of high-performance plasma beyond the
apparent operational limits, e.g. by a judicious choice of external heating sources to control
the distribution of suprathermal particles inside the plasma, thereby excerting a stabilizing
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influence on the global plasma dynamics [CGL*15, CIG*09, GCC*09].

In the following, we will review some of the most successful models which have been used
to describe the stability of plasmas. Our review will focus in particular on the so-called 1/1
internal kink mode, which describes the linear stage of the previously mentioned nonlinear
sawteeth and fishbone modes, which are very commonly observed instabilities in plasma
experiments with auxiliary heating. Due to this fact, the understanding of the 1/1 internal kink
instability is of central importance, and takes a prominent role in the research literature on
global macroscopic instabilities. This magnetohydrodynamics (MHD)-mode is particularly
interesting, because it is in fact only very weakly unstable, and thus its destabilization in a
given experiment can depend sensitively on various physical effects; the plasma shaping,
the plasma conductivity, toroidal plasma flow or the resonant interaction with suprathermal
particles have all been shown to significantly influence the stability of the 1/1 internal kink.

It is hoped that the discussion in the remaining sections of this introduction will motivate
the need for the derivation of a new model, which retains several physical effects that have
previously only been studied separately. As will be seen, the complex interplay of various
physical effects influencing the internal kink stability will require us to stretch a vast range of
plasma physics — from ideal MHD and extended fluid models, to higher-order guiding-centre
theory and even touching on gyrokinetics. This effort will result in the derivation of a kinetic-
MHD model that is suitable for a numerical implementation and can be used to describe the
stability of plasmas to internal kink modes, including the effects of strong toroidal flows, kinetic
effects due to the resonant interaction with thermal and supra-thermal (virtually) collisionless
ions and the effects of a parallel electric field in a single, unified model based on guiding-centre
theory. In the process, we will gain a better understanding of the differences and links between
kinetic-MHD and a purely kinetic description of the plasma, which would e.g. be obtained
from a standard gyrokinetic approach, meaning the usual physics models behind gyrokinetic
codes. In particular, we will argue based on a rigorous analysis from modern guiding-centre
theory that under suitable approximations the kinetic-MHD formulation achieves a more
efficient description of the kinetic effects for global macroscopic instabilities, compared to a
fully kinetic formulation; as will be explained in detail in the following chapters, a fully kinetic
description would require higher-order in Larmor radius effects to be retained to obtain a
suitable description of macroscopic instabilities. To circumvent the need for a higher-order
kinetic description, kinetic-MHD instead makes instead use of the additional fluid variables
(bulk flow, current, magnetic field) as well as several convenient cancellations, thus obviating
the need for a kinetic theory expanded to very high orders. The derivation of a novel kinetic-
MHD model has been the main goal and is the central contribution of the present thesis.

1.2 Ideal MHD

The ideal MHD equations model the plasma as an electrically conducting, inviscid fluid with
zero electric resistivity, according to the following equations:
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0
a—i +V-(pu) =0, (conservation of mass) (1.1)
du ) .

pE +Vp=jxB, (momentum equation) (1.2)

d
T (pp™ " =0, (adiabatic equation of state) (1.3)

1 oB
m +VxE=0, (Faraday’s law) (1.4)
E+uxB=0, (ideal Ohm’s law) (1.5)
V-B=0, (1.6)
VxB=pupj, (Ampere’s law) (1.7)

where d/dt:= (0/0t + u- V) denotes the convective derivative along the bulk velocity u. These
equations are expressed in terms of the plasma mass density p, the (isotropic) pressure p, the
electric and magnetic fields E, B, and the current density j. The constants yp and y denote
the vacuum permeability and the adiabatic index (ideal gas), respectively.

The ideal MHD equations are used extensively in plasma physics, and are often successful
in predicting the behaviour even of high-temperature plasmas. This is despite the fact that
the derivation of the ideal MHD equations is strictly speaking invalid at fusion-relevant
temperatures [Frel4]. Despite the difficulty in rigorously justifying their application to fusion
plasmas, many breakthroughs in plasma physics have been achieved relying on the ideal
MHD equations. Their practical success must therefore be attributed to the fact that in many
situations of practical interest, the ideal MHD equations capture the essential aspects of the
physics even of high-temperature plasmas. To quote Freidberg [Frel4, p.7, chapter 2]

[...] one of the basic assumptions used in the derivation [of ideal MHD], i.e., that
the plasma is collision dominated, is never satisfied in plasmas of fusion interest.
Even so, there is overwhelming empirical evidence that MHD provides an accurate
description of macroscopic plasma behavior. This apparent good fortune is not
a lucky coincidence but the consequence of some subtle physics; namely, those
parts of the MHD model that are not valid because of violation of the collision
dominated assumption are not directly involved in many if not most phenomena
of interest. [...]

Freidberg’s claim could be regarded as a claim of an “unreasonable effectiveness” of ideal
MHD in plasma physics. While this is certainly true in general and for many strongly growing
instabilities, it should be pointed out that there are important conditions which are frequently
encountered in fusion experiments, for which ideal MHD is insufficient; This is in particular

5
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1 01 Fusion Plasmas

Figure 1.2 — Domain of validity of ideal MHD (blue) and conditions found in fusion relevant
plasmas (orange). Based on the derivation of ideal MHD from the kinetic Boltzmann-Maxwell
equations in [Frel4]. The relevant quantities for the validity of the ideal MHD model are the
particle density n, and the temperature T

true for the 1/1 internal kink mode. The main objective of this thesis is to rigorously derive
a model that can be used to analyse the stability of plasmas under such conditions. It is
important to emphasize at this point that among the set of equations (1.1)-(1.7), mainly
the adiabatic equation of state and ideal Ohm’s law are truly problematic from the physical
point of view, in the context of macroscopic instabilities of plasmas [Frel4]. In particular, the
assumption of an adiabatic equation of state is only valid at high collisionality, and therefore
never applies to fusion relevant plasmas (cp. Figure 1.2).

1.2.1 Rotating equilibrium

The relevant equations describing ideal MHD equilibria are obtained by setting /0t = 0 in
the ideal MHD equations (1.1)-(1.7). We will usually refer to equilibrium quantities with a
subscript 0. At equilibrium, the momentum equation (1.2) is written

Po(vo-V)vg =—Vpg + jo x Bo.

In an axisymmetric configuration, the B-field can be expressed in the form By = V¢ x Vi +
F(y)V¢, in terms of the poloidal flux function ¥ and a function F = F(y), which is related to
the toroidal component (upper indices) of the magnetic field by ng = By-V¢ = F/R? where R
is the major radius. If y has a single extremum inside the plasma, then the flux surfaces are
nested. In this situation, we can introduce coordinates (v, 8, ¢p), where the poloidal magnetic
flux ¥, measured from the core of the plasma outward, serves as a radial coordinate, ¢ is the

6
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geometric toroidal angle, and 6 is a choice of poloidal angle. The angles 8 and ¢ parametrize
the ¢ = const flux surfaces (for a more detailed description of flux coordinates, we refer e.g. to
the thorough discussion in [HMO03, Chapter 3.1-3.4]).

From an analysis of the particle motion, particles following equilibrium trajectories are con-
fined to flux surfaces to leading order. In fact, it follows from the detailed derivation in chapter
2, that to leading order, the canonical toroidal momentum P is given by Py = qy with g the
particle charge; Hence the confinement of particles to a flux surface is strongly linked to the
conservation of toroidal momentum in axisymmetry. In particular, we expect the equilibrium
velocity to be tangent to flux surfaces, to good approximation. Following the model studied by
Maschke and Perrin [MP80], and consistent with neoclassical theory [CBT87] from which it is
expected that poloidal flows are strongly damped in axisymmetry, we furthermore assume
that there are no poloidal components of the flow at equilibrium, and that the velocity can be
written in the form

v = Q) R*V.

Here R denotes the major radius, and Q(w) is the toroidal rotation frequency, which may
vary across different flux surfaces. If we furthermore assume that the temperature T = T ()
is constant on flux surfaces, then under these assumptions, the following form of the Grad-
Shafranov equation [GR58,L.S57, Sha58] for ¥ can be obtained, allowing for toroidal rotation
(see e.g. [HdBK12]):

(1.8)

1 opP dF
R2

2

R v-(—vw =aule Fay
Here P(w,R) = po(y) exp (%) is the pressure, provided the ideal gas law is assumed
[MP80, CBF*15], and it is noted that due to centrifugal effects, the pressure varies on a flux
surface. We recall that the function F(y) is related to the toroidal component of the magnetic
field via By - V¢ = F/R?. As compared to the non-rotating case (Q = 0), to determine the
rotating equilibrium, one thus needs to specify in addition to the usual profiles, such as
e.g. the pressure profile p,(y) and the F(y)-profile (which in practice is usually determined
indirectly from either a specified current or ‘safety factor’ profile, see below), also the rotation
profile Q(w)?/ T (y).

In chapter 4, we will revisit the above form of the Grad-Shafranov equation from the kinetic
point of view, based on guiding-centre theory. In particular, we will see that this form of the
equilibrium relations, which here was obtained from ideal MHD, can also be derived to leading
order from guiding-centre theory.
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Figure 1.3 — Plasma profiles p(p) and g(p) required to compute an equilibrium, in the absence
of rotation Q = 0.

1.2.2 Straight field-line coordinates

In the description above, we have not specified the poloidal angle. For stability analysis, the
preferred poloidal angle is the so-called straight-field line (SFL) angle srr, which is chosen
such that the safety factor g = (B-V¢)/ (B - VOgpy) is a flux surface quantity, i.e. g = g(y). As
the name indicates, with this choice of poloidal angle, the field lines are straight, describing
curves of the form (0, ¢) (1) = (O + 7, po + gT) when following a field line for time 7, on a fixed
flux surface w. Given an arbitrary choice of a poloidal angle 8 and the SFL angle Osg;, on the
flux surface, we clearly have

dao

SFL

B-VO =

(B-VOsgL).

Therefore, given an arbitrary angle 0, we can find the corresponding SFL angle, by solving

dOsgr, _ B -V0Oggy, _ 1 B-V¢

= , 1.9
do B-VO qy) B-VO (1.9)
where
1 [?"B-V¢
=— —do,
q) 2nJo B-VO

is the flux surface average of the “local” qoc(y,0) = (B-V¢)/(B - V6). Clearly, Ospy. is unique
up to the arbitrary choice of the reference point at which s, = 0. Given an equilibrium
in flux coordinates generated by a MHD equilibrium code, such as VMEC [CH87], the first
step in the numerical stability analysis is therefore often to map the equilibrium to straight
field-line coordinates, which, as mentioned earlier, are more suitable for the stability analysis.
Conversely, the equilibrium problem is not usually conveniently defined in terms of Ogp;.
For example, the VMEC equilibrium code employs a Fourier expansion of R and Z (vertical
coordinate) in terms of 8, with a fixed number of Fourier modes. The freedom in the choice
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Figure 1.4 - Flux aligned equilibria, (a) obtained from the VMEC code and (b) the correspond-
ing transformed straight field-line coordinates. Computed from the plasma profiles shown in
Figure 1.3.

of 0 is used to improve the accuracy of the Fourier representation of R and Z. The resulting
VMEC poloidal angle 0 differs significantly from Osyy,, as is shown in Figure 1.3. It shows an
example of an equilibrium generated by VMEC, corresponding to the profiles displayed in
Figure 1.3, and the corresponding equilibrium mapped to SFL coordinates.

1.2.3 Linear stability - Plasma displacement

In ideal MHD, the linearization of the set of equations (1.1)-(1.7) can be very conveniently de-
scribed in terms of a single vector field &, called the plasma displacement. In the non-rotating
case (vy = 0), the plasma displacement is simply given by 0¢/0¢ = d v, where d v denotes the
perturbed ideal MHD velocity [Fre14] in the Eulerian frame. The correct generalization of the
displacement to the rotating case goes back to Frieman and Rotenberg [FR60], in which case
one defines the plasma displacement via

0¢

— +vy-VE=6v.

5, t o 4

It turns out that with this definition of ¢, all perturbed ideal MHD quantities can be entirely
written in terms of £ in a very compact manner. As a consequence, the linearisation of the
ideal MHD equations can be fully expressed in terms of the relevant momentum equation,
describing the motion the plasma displacement €. The resulting momentum equation for the
evolution of & takes the form (cp. [GKP10, Chapter 12] for a thorough discussion)

3 0¢

POﬁﬁLZPo(VO'V)E =6G(J), (1.10)
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where
6G(&)=0F(&)+V-(§povo-Vuvg—povory-Vé),

is the extended force operator, and 6 F is the conventional force operator for static (vg = 0)
plasmas [GP04, Frel4]:

OF(&) =V({I'poV-&)—Byx (Vx6B)+V(&-Vpo) + jo x OB.

In these expressions, py is the equilibrium mass density, py is the equilibrium pressure, vy is
the background velocity, jo = 1V x By is the current density corresponding to the equilibrium
magnetic field By. The perturbed magnetic field § B is given by

0B =V x (& x By),

so that A = & x By can be identified as the perturbed vector potential.

The formulation in terms of a plasma displacement is not only convenient because it reduces
the number of equations to be analysed from the original 8 equations to 3 equations; In the
non-rotating case, this formulation also makes the self-adjoint character of the equations
manifest, which has important consequences on the spectra of ideal MHD equilibria. Indeed,
it can be shown that the MHD force operator 6 F(£) is self-adjoint in the sense that for any two
vector fields &, 7, we have

fn* 6F(&) d®x =f6F(n)* & d3x,

where 7* denotes the complex conjugate of 7. Furthermore, in the non-rotating case, the
left-hand side of the momentum equation simplifies to pg0?&/dt%. Making the ansatz & (x, t) =
£(x)e'®?, the problem of ideal MHD stability in the non-rotating case thus leads to an eigen-
value problem for self-adjoint operators:

~w?ppé = 5F(&). (1.11)

Since the spectrum of a self-adjoint operator is purely real, we can distinguish a unstable
plasma from an stable one, by considering whether the spectrum of § F contains positive
eigenvalues, or not. If § F(£) possesses a positive eigenvalue A > 0, then equation (1.11) has
a solution with —w? = A > 0, implying that w = +v/~A = +iA is a complex number (here
A =VA > 0), and hence there exists a normal mode solution & = e = Ee1! of (1.11) which
grows exponentially like ~ e,

Due to the self-adjoint nature of 6 F, the most unstable eigenvalue can be determined by a
variational principle [Frel4, Chapter 6.4]:

) SWQ)

L SWE = f £ 5F@) d®x, 6K(E) = f po(&°-€) dx, (1.12)

10
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leading to the following “energy principle”, which roughly states the following (for a more
precise statement, see [Frel4, p.262]):

A static equilibrium (vy = 0) is stable if and only if 6W (&) > 0 for all plasma displacements &.

An equilibrium for which there exists a displacement &, for which 6 W (&) = 0, is often referred
to as marginally stable. It is noted here that the rotating case unfortunately does not exhibit
the convenient self-adjoint properties described above.

1.2.4 Parallel and perpendicular dynamics

In non-rotating plasmas the linear momentum equation for ¢ can be effectively split into
parallel and perpendicular parts, as will presently be discussed. It turns out to be convenient
to introduce S = B"2B-& = B~1¢)|, such that V-&), = V- (8By) = By - V. With this definition, we
find from the momentum equation (1.10) (the growth rate A = iw is considered below, rather
than the frequency w):

A2poé 1L =V (EL-Vpo)+ VL (TpoV-&1)+Vy (TpoBo-VP)+[5(jxB)],,
perpendicular to the field By, and
A?pof=B;?By-V(§L-Vpo+TpoV-§1)+TBy*poBo-V(Bo-Vp) + By [5(j x B)]

parallel to the field lines. It can be shown that the first and last terms on the right-hand side of
the parallel equation cancel,! leaving us with

A200B=TBy?poBy-V (V-&1 +By-Vp). (1.13)

Comparing terms on the left- and right-hand sides of this equality, we now note that they are
of relative order of magnitude:

A2 A?
Tpo/R3py w?’
where w? =T'py/ RS‘ Po is the sound frequency. For many ideal MHD modes of interest, such
as the 1/1 internal kink, we have 1% « w%, so that for such modes, the left-hand side term of
(1.14) is much smaller than the terms on the right-hand side. This means that we must have

B?B-V(V-¢{,+B-VB) =0, (1.14)

and therefore to good accuracy (corrections of order A2/w?), we have B-Vf =~ -V -&,, or
equivalently V-& = 0. Under this incompressibility approximation, the perpendicular dynamics

I This can be seen easily by doting the un-linearized momentum equation with the total field B = By + 6B,
noting that (j x B) - B =0, then linearizing.

11
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is then governed by the “incompressible MHD equations”:
A200&1 =V (§1-Vpo)+[6(ixB)],, (1.15)
while the parallel component ¢ = B 18 can be solved for from B-VB~ -V -&,.

The above analysis shows that the threshold for stability within the ideal MHD framework,
and crucially in the absence of toroidal rotation, is entirely determined by the incompressible
MHD equations (1.15) for &, which could (formally) also have been obtained from our
momentum equation by formally taking I' = 0, &), = 0. The important difference between
the incompressible model (neglecting parallel dynamics altogether) and the full ideal MHD
momentum equation is that even under the approximation V- & = 0, the compressibility
term gives us additional information about the parallel component &, # 0. It is clear that
under this approximation &|; will not contribute to 0 W. Instead, the parallel displacement will
contribute to the inertia 6 K. In fact, for the internal kink mode, it can be shown that &), leads

to an inertial enhancement §K (&) =~ \/1+2g26K (& 1) = V36K(£ 1), where g = 1 =1/1is the g-
value at the rational surface, where the majority of the inertia originates [GGJ75, GW17]. Thus,
this discussion shows that while the determination of stability or instability agree between
the compressible and incompressible models, it is expected that the incompressible model
overestimates the growth rate yincomp = \/§y by a factor of v/3 = 1.4 for the internal kink mode
compared to the growth rate y determined by the full ideal MHD model. If one instead takes
projections of the momentum equation for solving for the eigenvalue problem, &, enters the
replaced momentum equation through the V- ¢ contribution to § p. To recover the correct
growth rate one must eliminate &) in V- § via the solution to the parallel component of the
momentum equation, and thus allow for weak contributions to V- &.

The fact that the determination of instability for the compressible and incompressible MHD
models agree may be seen as a more rigorous justification for Freidberg’s quote at the begin-
ning of this chapter. As has been pointed out above, the essential reason is that the perpen-
dicular dynamics, represented by & | , are only very weakly coupled to the parallel dynamics
¢ in the ideal MHD model without toroidal flow. And the dynamics perpendicular to the
field lines is well modeled by ideal MHD. This weak coupling is good news, since the paral-
lel dynamics are not well represented in the ideal MHD model. Indeed, in the collisionless
limit, particles are free-streaming along the field-lines, and the fluid assumption (which
requires high-collisionality) completely breaks down parallel to the field lines. Thus, in high-
temperature, low-collisional plasmas the mean-free path along field lines can be very large,
allowing complicated wave-particle interactions to take place, and we cannot expect any fluid
model to accurately represent such effects parallel to the field lines. Perpendicular to the field
lines, the magnetic field serves to restrict the mean-free path of particles, which gives some
justification for a fluid approach. If the perpendicular and parallel dynamics are only weakly
coupled, then the inaccurate representation of the dynamics along the field lines may be of
minor concern.

12
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This argument of weak coupling of perpendicular and parallel dynamics breaks down in the
strongly rotating case. As is clear from the momentum equation (1.10), the non-vanishing
fluid velocity vy # 0 introduces an additional, complicated coupling between parallel and
perpendicular dynamics, both due to the non-vanishing advective term, and through the
centrifugal and coriolis forces (additional terms in the extended force operator 6G(&) as
opposed to the conventional ideal MHD force operator § F(£)). Due to this fact, it is expected
that an improved treatment of the parallel dynamics will be particularly important for rotating
plasmas.

1.3 Basic formulation of kinetic-MHD

In the collisionless limit, the dynamics of a (non-relativistic) plasma are well described by
the (kinetic) Vlasov equations, describing the evolution of the particle distribution function
fs(x, v, t) for each particle species s:

0fs qs 0fs

—+v-Vfi+—((E+vxB)-— =0, 1.16

ot fs mg ( ) ov (1.16)
coupled to the Maxwell equations to determine the electromagnetic fields E, B. To obtain the
corresponding moment equations, we multiply by m;, m v and integrate against dv. This
leads to the exact moment equations for each species s,

o,

, +V-(psus) =0, (1.17)
ou,
ps( 5wy V| = VPt gon (E+ s x B). (1.18)

Here p; is the mass density [kg/m3], u; is the macroscopic fluid velocity [m/s], n; is the
number density [1/m3], and Py is the pressure tensor [N/m?], defined by

P = msf(v— us) ® (v—uy) fsdv. (1.19)

These equations are exact, but they are not closed, since there is no equation to determine the
pressure P; in terms of the other moments p; and u;.

Summing equation (1.18) over all species, assuming quasi-neutrality }_; gsns = 0 and intro-
ducing the mass density p = ) s msn;, and mass velocity u by pu =} msnsu,, we find the
following basic form of a kinetic-MHD model:

op

E.ﬁrv.(pu) :0’ (1.20)
ou ,
p(a+u-Vu):—V-P+]><B—V-a. (1.21)

where the pressure is now given by P = ) ; P;, and for each species, P; is obtained from

13
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(1.19). Summation of the Lorentz force terms in (1.18) yields the familiar j x B force, since
Y sqgsnsus = j. Note that the summation over all species eliminates the explicit appearance
of the electric field E, thanks to the quasi-neutrality relation }_; gsn; = 0. This cancellation is
good news, since the electromagnetic forces are formally large terms in the exact momentum
equations (1.18). The last term in (1.21) represents a stress which arises due to the difference
between the flow velocity u; of species s and the mass velocity u:

o= mns(us—u) ® (us— u).
N
The ideal MHD model is obtained from (1.20) and (1.21), assuming that the inertia is domi-
nated by a single bulk ion species i and making an adiabatic closure assumption, so that the
total pressure )_; P can be written in the isotropic form p I, in terms of a scalar pressure p.
Note that in this case, we have o = 0, since p = p;, #; = u and m, < m;. We will assume that
the plasma inertia is dominated by a single species i, in the following. As already pointed out
above, the main problem with the ideal MHD model as applied to fusion relevant plasmas lies
in the adiabatic closure assumption. Without this assumption, we find instead the following
basic form of a kinetic-MHD model (here p = p;, u = u;):
dp

aJrv.(pu):o, (1.22)

ou .
p E+u-Vu =-V-P+jxB. (1.23)

where the pressure is given by P = }_ Ps, and for each species, Py is obtained from (1.19). Note
that even though the electric field has been eliminated from the momentum equation, it’s
effects will still be felt in the evolution equation for the particle distributions f; (1.16), and
hence will have an indirect influence on the momentum equation via P, which is determined
from the kinetic closure relation (1.19). To leading order, an adequate closure for the current j
is obtained as in the ideal MHD model from ideal Ohm’s law and the Maxwell equations (with-
out displacement current), equations (1.4)-(1.7). In this approximation, the perpendicular
velocity u, is given by the familiar E x B-velocity,

ExB
u = B (1.24)
As aresult of this discussion, we obtain the basic form of a kinetic-MHD model, comprising of
the continuity equation (1.1), the momentum equation (1.23) (with kinetic closure), and the
field equations (1.4), (1.5), (1.6) and (1.7). The adiabatic equation of state of the ideal MHD
model (1.3) is now replaced by the kinetic closure relation (1.19). The latter requires solution
of the kinetic equation (1.16).

In contrast to the ideal MHD model, a kinetic-MHD model allows for the tensorial nature
of the pressure tensor. It goes back to the early work of Chew, Low and Goldberger [CGL56],
that the pressure in plasmas at low collisionality should be of the so-called CGL form P =
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pubb + p1 (I - bb), though the focus of the work [CGL56] was not on a kinetic closure. This
leading order form of the kinetic pressure tensor is an immediate consequence of guiding-
centre theory (cp. chapter 4, where also higher-order, off-diagonal corrections will be derived).
The first investigation of linear stability in a kinetic-MHD model dates back at least to the
work of Rosenbluth and Rostocker [RR59], where the linearly perturbed kinetic equation was
solved along unperturbed trajectories. The work [RR59] also first pointed out the benefits,
in terms of a formal ordering in the Larmor radius, of a pressure closure in the momentum
equation over a kinetic current closure, or indeed a direct kinetic formulation. We will return
to this topic in chapter 4, where we derive a suitable kinetic-MHD model with pressure
closure based on a rigorous expansion of the guiding-centre equations in the Larmor radius.
A kinetic-MHD model based on a reduced, leading-order (“beads-on-a-string”) drift-kinetic
equation to provide kinetic pressure closure was discussed by Kulsrud [Kul83]. The present
work follows a very similar approach, but aims to consistently include higher-order effects
such as guiding-centre drifts and finite-Larmor radius effects. The derivation of a suitable set
of higher-order guiding-centre equations is carried out in detail in chapter 2. Kinetic-MHD
models have in particular made an important and essential contribution to the understanding
of the m = 1/n =1 internal kink mode, which is a linear precursor for the often-observed
sawtooth (and fishbone) instabilities in present day experimental tokamak devices.

The kinetic-MHD model described above differs from the ideal MHD model only in the way
in which pressure closure is obtained. Due to this fact, the linearisation of this kinetic-MHD
model can again be described in terms of a plasma displacement &, leading (in the static case
vy = 0) to a momentum equation of the form

—w?pp&=-V-8P+8j x By+ jox OB, (1.25)

where in contrast to the momentum equation (1.11) in ideal MHD, the perturbed pressure
6P = 6P(¢;w) is now a tensor which depends on the mode frequency w in addition to the
displacement & (as well, potentially, as the perturbed parallel electric field). § P has to be solved
for in terms of the perturbed distribution functions 4 f;, of all kinetic species s, and is given
by 6P =Y ;6 P, where § Ps = m; [ (v ® v)6 fs dv. One of the central problems of kinetic-MHD
is the derivation of suitable (simplified) equations to determine the perturbed distribution
functions 9 f;, and an analysis of the complicated dependence of 6 P on w.

1.4 The 1/1 internal kink

A particularly important instability, which describes the linear stage of sawteeth and fish-
bones, is a perturbation that can be described by a plasma displacement & with a dominant
m = n =1 mode structure ~ exp(im@ + in¢). A first analysis of the internal kink instability
based on the ideal MHD model was undertaken by Shafranov [Sha70]. Employing an ex-
pansion of the linearized stability equations in the inverse aspect ratio (¢, ~ a/Ry < 1), a
minimisation of 6W = § W, +€26W, + ... was carried out for a straight cylindrical plasma

15



Chapter 1. Ideal MHD and beyond

—m=1 133
—m=2 4
m=3 4
/43
/
V4
/
rd
7 '25
/
Vs
’ q

11.5

0.6 0.8

Figure 1.5 - Internal kink mode structure: Shown are the dominant (m, n)-Fourier components
p&h of the radial displacement é°, obtained for the straight field-line equilibrium of Figure
1.4, with toroidal mode number n = 1. Superimposed is the g-profile (safety factor). Visible is
the dominant m = n = 1 mode structure with a sharp gradient when g = m/n =1, where the
field-line bending stabilisation is weakest. Also visible is the m = 2, n = 1 side-band, which
has a sharp change in gradient only at the g = 2 surface, consistent with m/n =2/1 field-line
bending stabilization.

column (neglecting effects due to the toroidal bending of the torus). From such a derivation
(see e.g. [Gra99, Chapter 2.4] for a more thorough discussion), one concludes that to lowest
order the displacement must be incompressible V - £ = 0, and that to the next order, a top-hat
displacement achieves the minimisation of §W. In fact, it can be shown that the dominant
contribution for a perturbation with poloidal and toroidal m/n mode structure is of the form

d 2 1 2
oW, ~ f [(rﬁ) +(m* - 1)(&))? (ﬁ - —) rdr,

dar m  q(r)
which physically corresponds to the energy required for the mode to bend the field lines.
Clearly, this field-line bending is a stabilizing (6 W» = 0) effect. For a perturbation to be unstable,
it is therefore necessary that it minimize such field-line bending, resultingform=n=1ina

perturbation with d¢,/dr = 0, except at any radial position r where ¢g(r) = m/n = 1; at those
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Figure 1.6 — Internal kink: Comparison of growth rates vs. poloidal 8, obtained from VENUS-
MHD vs. analytic form due to Bussac, for equilibrium with profiles shown in Figure 1.3 and
scan over different scaled pressure profiles. The internal kink mode structure of Figure 1.5
corresponds to the first unstable value of .

radial positions, d¢,/dr may be non-zero since it is cancelled by the factor (n/m—1/q)?. With
the appropriate boundary conditions, this implies that the radial component ¢" have a top-hat
shape, as can be inferred from Figure 1.5, where p¢f = r¢, is plotted for a numerically obtained
1/1 internal kink. Since such a top-hat displacement is marginally stable to leading order in
the inverse aspect ratio €, it is necessary to go to higher order in €, to determine the stability
of the 1/1 internal kink. After the initial work by Shafranov [Sha70], a treatment up to fourth
order in €, was later achieved by Rosenbluth et al. [RDR73], who again considered a straight
cylindrical plasma column, thus neglecting toroidal effects. A perhaps surprising result of the
analysis of Rosenbluth et al. is the realization that by a careful treatment of the “layer region”
(radial region close to g = 1, where field line bending stabilization is weak), the growth rate
Y = iw turns out to be linearly related to the minimised potential energy 6 W in the “external
region”, i.e. y ~ § We. In contrast, a naive consideration of the ideal MHD variational principle
would instead suggest a quadratic relationship y? ~ §W.

The results of Rosenbluth et al. [RDR73] were later revisited by Bussac et al. [BPES75], who
included corrections due to the toroidal bending of the plasma into the shape of a torus.
Hinting at the delicate nature of the 1/1 internal kink instability, Bussac et al. showed that
the cylindrical corrections to § W derived by Rosenbluth et al. are exactly cancelled by certain
toroidal corrections, so that the remaining terms arise purely due to toroidal effects. Employing
the singular layer analysis of [RDR73], Bussac et al. show that for a parabolic g-profile, the
internal kink mode is unstable provided that 8, 2 0.2 to 0.3, where 8, is the poloidal beta,
a measure for the ratio of the plasma internal energy (pressure) vs. the poloidal magnetic
energy, inside the g = 1 surface, with an approximately quadratic growth as a function of §,,
(cp. Figure 1.6, where a scan in 8, is shown computed by the stability code VENUS-MHD; for
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a description of this code, see chapter 5).

As already mentioned in the previous section, the plasma compressibility (parallel dynamics)
leads to inertial enhancement and a corresponding adjustment of the growth rate by a factor
V3 [GGJ75]. Ara et al. [ABC*78] have later taken into account the diamagnetic motion of ions
and electrons in the layer: Introducing the ion diamagnetic frequency w;,, = —p};/(Zen;Bor),
the most important modification due to such diamagnetic effects is the replacement of the
growth rate y = iw — i/w(w — w; p), resulting in a dispersion relation i \/w(w — w; p) ~ W,
where 6 W, is the minimized potential energy of Bussac et al. [BPES75]. Note that the intro-
duction of diamagnetic effects breaks the symmetry present for ideal MHD modes (which lie
symmetric about the origin). Further references and a more extended review can be found
in [Gra99].

1.4.1 Centrifugal effects

The stability of the 1/1 internal kink in tokamaks and in the absence of toroidal rotation, has
received considerable attention since the result due to Bussac et al. [BPES75] and is reason-
ably well understood. The effect of strong toroidal rotation on this instability has first been
considered by Walbroeck [Wae96] only two decades after the work by Bussac et al. [BPES75].
In [Wae96] it was shown that, in addition the trivial doppler shift of the mode frequency in the
lab frame, the centrifugal forces cause a “gyroscopic” stabilization mechanism even in rigidly
rotating plasmas, i.e. in the absence of any shear in the rotation frequency Q(y) = const.. This
gyroscopic mechanism is especially important for tokamaks with a large fraction of neutral
beam injection (NBI) heating, where it can lead to significant stabilising effects. The rota-
tion velocities can in fact exceed the sound velocity in low aspect-ratio tokamaks such as
MAST [LAA*07] and NSTX [MBF*05]. Therefore centrifugal effects can not be neglected in
these devices.

The observations of a stabilizing mechanism by Waelbroeck [Wae96] has later been confirmed
in work by Wahlberg and Bondeson [WB97, WB00] (see also [WBO01] for similar effects on
interchange modes in an axisymmetric torus). The latter work was assisted by a computer-
algebra program to carry out the inverse aspect ratio expansion of the Frieman-Rotenberg
equations [FR60] to the required order in inverse aspect ratio €, ~ a/ Ry. Wahlberg and Bonde-
son relate the stabilising effects due to toroidal rotation to the created nonuniform plasma
density and pressure on the g = 1 surface due to the centrifugal force. The stabilisation in
the work [Wae96, WBO00] is thus related a finite continuum frequency in the g = 1 layer, the
so-called “Brunt-Vdisild” (BV) frequency,

.  MPQ? 1
Wyy = 3 l_f ,

where I is the adiabatic index, ./ is the sonic Mach number, given by 4 = Q/w; =/ pQZRS 2p,
and p the plasma pressure. This continuum frequency is partly responsible for the stabilization

18



1.4. The 1/1 internal kink

of the internal kink mode in the analysis of [Wae96]. To leading order, it is found in [WBO0O0]
that the stability criterion can be written as wgy > yp, where yp is the growth rate computed
in the absence of any flow. As already noted in [WB00], the explicit dependency of this stability
criterion on the value of the adiabatic index I' shows that this result depends crucially on the
fluid closure in the ideal MHD model and thus the parallel dynamics. This is consistent with
our discussion of the coupling of perpendicular and parallel dynamics due to centrifugal ef-
fects in section 1.2.4. Since ideal MHD is a bad description of the parallel dynamics in realistic
high-temperature tokamak plasmas, it is expected that the kinetic behavior along the field
lines will influence this stabilization mechanism considerably.

Since the stabilizing mechanism discovered in the analysis of [WB00] crucially depends on the
non-uniform distribution of pressure and density in the equilibrium on the g = 1 flux surface
due to centrifugal forces, the work [WBO00] also suggests that it is crucial to consistently include
flow effects not only in the stability model, but also in the equilibrium. The importance of
centrifugal effects for internal kink mode stability for numerical stability analyses in toroidally
rotating plasmas with realistic tokamak geometry has been further investigated by Wahlberg,
Chapman and Graves in [WCG09]. In this work, analytical results of [WB00] were compared to
results obtained from two numerical codes: CASTOR-FLOW) [SGM™05], with a self-consistent
treatment of centrifugal effects in both the equilibrium as well as the linearized equations of
motion, and another code, MISHKA-F [CSHMO06], which includes flow effects correctly in the
linearized stability equations, but neglects centrifugal effects on the equilibrium. Centrifugal
effects have been found to be important for the stability of the internal kink mode, even at
modest flow rates. In particular, guided by the analytical results, the authors of [WCGO09] find
that while the assessment of stability from the two codes [SGM™* 05, CSHMO06] can be very
similar for certain choices of plasma profiles, for other choices, they make completely opposite
predictions; In the most extreme case reported in [WCGO09], the consistent model predicts
complete stabilization of the internal kink mode, while the inconsistent model predicts a
destabilization due to rotation. The marked differences between a self-consistent and non-self-
consistent treatment of centrifugal effects on mode stability are traced back to the stabilizing
influence of a rotation-induced geodesic acoustic mode (GAM), which exists in the ideal MHD
model only when centrifugal effects on rotating equilibria are taken into account. Centrifugal
effects lead to pressure corrections, enhancing the Shafranov shift of flux surfaces, and induce
a nonuniform plasma density on flux surfaces. A recent review on GAMs in rotating plasmas,
and their correction to instabilities, can be seen in [GW17].

1.4.2 Kinetic effects

Going beyond fluid theory, it has been found that additional important effects on the internal
kink mode stability can come from interactions of this macroscopic mode with both an
external species of (suprathermal) kinetic ions, as well as additional kinetic effects due to a
kinetic description the bulk plasma. As already indicated in section 1.3, a suitable kinetic-MHD
model to describe such kinetic effects consists of two ingredients: A fluid model to determine
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the evolution of the electro-magnetic fields, as well as macroscopic fluid moments, such as
the bulk velocity and current density on the one hand, and on the other hand a kinetic model
which accounts for kinetic effects such as particle-wave interactions and Landau damping,
and which provides a more accurate moment closure (pressure) for the moment equations of
the fluid model.

At this level, we can distinguish between self-consistent and perturbative approaches. Whereas
in a self-consistent approach, the kinetic-MHD model that is used to asses the stability includes
the full interaction between the kinetic and the fluid components by solving for the evolution
of the full coupled system of fluid and kinetic equations, in a perturbative approach, one first
solves the fluid equations in the absence of kinetic effects, and then adds kinetic corrections
in a second step. Typically in such a perturbative approach, the mode structure is fixed from
ideal MHD, and only corrections to the mode frequency w are solved for based on a modified
dispersion relation. A suitable dispersion relation is obtained from the momentum equation
(1.25), by multiplication with £*, and integration against dx. This general procedure results in
an equation of the form

iw ~ 6 Whyid + 6 Wiin (@),

where, as a rule of thumb, w is replaced by \/w(w — w;, ), when diamagnetic effects due to
ions are included. As indicated by this equation, two contributions to 6 W are now taken into
account; the first one corresponds to the fluid potential energy contributions 6 Wyyq, while
the second term corresponds to

0 Wiin (w) ~ fi* -(V-0P(;w)) dx,

and is typically a complicated function of w. The additional term 6 Wy, accounts for kinetic
effects such as particle-wave interactions. Different versions of such a dispersion relation have
been derived under various approximations. Notably, this procedure has been employed by
Chen et al. [CWR84] to investigate the excitation of internal kink modes by trapped energetic
beam ions. The model of Chen et al. is based on a ideal MHD description of the bulk plasma
species (adiabatic closure), and includes an additional kinetic species of suprathermal particles
which contributes a hot particle pressure tensor of CGL form 6Py, = py nbb+ p, (I — bb)
with parallel and perpendicular pressure components pj 5, p.,n, respectively. A bounce-
averaged form of the kinetic equation is solved, taking into account the toroidal drift frequency,
while neglecting finite orbit-width effects (drifts off the flux surface). The effects of a parallel
electric field are neglected (i.e. the model assumes § E}; = 0). Based on an expansion in inverse
aspect ratio, the authors find that the inclusion of trapped supra-thermal particles induces an
additional trapped-particle branch in the dispersion relation, with mode frequency w ~ wgp,
where w4y, is the drift frequency of the suprathermal trapped particles. It is proposed that this
trapped-particle induced branch is related to the fishbone instability.

In addition to such a minority species of supra-thermal ions, Kruskal and Oberman [KO58]
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have also shown that thermal ions can stabilize MHD instabilities such as the internal kink
[HH88]. Kruskal Oberman theory predicts that thermal trapped ions contribute to § W via an
additional term

6 Wxo ~ ffi (V-0py,) dx,

where the perturbed pressure tensor is given by 6 p; = =& - Vpjo. This stabilizing term is
analogous to the adiabatic compressibility term in ideal MHD, and arises due to the fact that
thermal trapped particles resist compression. A generalisation of the inertial enhancement
first derived by Glasser et al. [GGJ75] in a kinetic treatment of the thermal ions, has been
derived by Graves et al. in [GHHO00]. The derivation of [GHHO00], which takes into account
radial drift motions across the rational surface, shows that the inertial enhancement factor
V1+A, where Amup =1+ 2q2 in ideal MHD, as derived by Glasser et al., is replaced by

A= +0.5( g%,

€a,1

when kinetic effects in the singular layer (where g = 1) due to thermal ions are taken into
account. Here €41 = r1/ Ry is the inverse aspect ratio at the g = 1 surface. Thus, kinetic effects
due to thermal ions are expected to significantly affect the growth rate due to corrections to the
inertia. It is noted that analogous inertial enhancement factors have been evaluated for higher
frequency modes [ZC14]. Besides such inertial corrections, the work by Graves et al. [GHHO00]
investigates the effects of sheared toroidal plasma rotation on the internal kink mode. To this
end, a kinetic-MHD model is derived which includes toroidal rotation in the toroidal drift
motion of the kinetic ions. While this model is suitable to investigate the effects of velocity
shear, centrifugal effects are not taken into account. Therefore, to investigate the combined
centrifugal and kinetic effects in a rotating plasma, the model of Graves et al. [GHH00] should
be extended to allow for centrifugal effects on the thermal ions, as well as centrifugal and
coriolis forces in the equation for the plasma displacement. Also in [GHHO00], the parallel
electric field was assumed to vanish (6 E); = 0).

The inclusion of an electrostatic contribution (parallel electric field) in the computation of
the perturbed potential energy 6 W has been discussed by Antonsen and Lee [Ant82], who
employ Lagrangian coordinates to solve the equation of the kinetic species, and include a
quasi-neutrality relation. Their model is bounce-averaged and takes into account the toroidal
drift motion of trapped particles, but neglects drifts off the flux surface. Though the work of
Antonsen and Lee does not focus on the internal kink, their model has later been employed by
Antonsen and Bondeson [AB93] who numerically investigate the effects of thermal trapped
particles on the m = n =1 internal kink, with a particular emphasis on the effect of unequal
electron- and ion-temperatures, and the coupling of this mode to electrostatic trapped particle
modes.

An extension of the model of Antonsen and Lee [Ant82] to include full orbit width effects
has been proposed by Porcelli et al. [PSBZ92, PSK94], though their model was applied to
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cases where 0 E) was also set to zero (no attempt was made to eliminate § E| in favor of &).
In [PSK94], starting from the guiding-centre equation derived by Littlejohn [Lit83], the authors
obtain a suitable linearisation of the kinetic equation for § f by direct perturbation of the
guiding-centre equations of motion. Their method based on the Lagrangian formulation of
guiding-centre theory allows for the full finite-orbit width effects to be retained. Although
a perturbed electrostatic potential §¢ is included in the derivation of the kinetic equation
as mentioned above, the corresponding quasi-neutrality relation that would be needed to
self-consistently calculate d¢ is not discussed in the work [PSK94]. It is shown that results
from models with kinetic closure in the zero-orbit width limit overestimate the fast particle
stabilization of the internal kink in the potato orbit limit, where the bounce-frequencies
become of the same of magnitude as the drift frequency, and the orbit width is of the order of
the local minor radius. The formulation by Porcelli is in fact implemented in the numerical
code CASTOR-K [BK99, NBC™*15], to compute the influence of a population of suprathermal
particles on a fluid bulk plasma mode. A model similar to that of Porcelli et al. [PSK94] has also
been obtained by Helander et al. [HGHM?97], who present a different derivation of the form of
the perturbed distribution function 4 f, based on physical intuition. The authors of [HGHM97]
apply their kinetic-MHD model to “double-kink” modes, which are similar to the conventional
internal kink modes, except that the g-profile is no longer assumed to be monotonic, allowing
it to have multiple g = 1 surfaces inside the plasma. A similar role of the fast ions on the
stability is observed also for such double-kink modes.

We emphasize that none of the kinetic-MHD models above include centrifugal effects.

1.5 Summary and contributions of this thesis

Basic elements of the ideal MHD model have been reviewed in the context of tokamak equi-
libria and as a model for macroscopic plasma instabilities. A particular emphasis has been
given on the inadequacies of the simple adiabatic pressure closure of this model for plasmas of
fusion relevance, at low collisionality. It has been pointed out that for a variety of instabilities,
in particular in the absence of toroidal rotation, the stability analysis based on the ideal MHD
model depends mostly on the perpendicular dynamics, and hence the incorrect treatment of
the parallel dynamics in this model does not have any dramatic consequences. In contrast, for
pressure-driven instabilities such as the m = n = 1 internal kink, which are marginally stable to
high order in the inverse aspect ratio expansion, corrections to the adiabatic pressure closure
assumption can have a significant influence on the stability analysis. As illustrated by our
short survey, the internal kink instability depends on many effects, such as toroidal rotation,
kinetic effects due to a suprathermal species (generated e.g. by external heating mechanisms
such as ICRH, NBI), kinetic effects due to the thermal bulk species and finite Larmor-radius,
or diamagnetic effects. A considerable research effort has illuminated many aspects of the
stability of instabilities such as the internal kink, and several models have been proposed
to understand various aspects of the underlying plasma dynamics. However, no model is
available at present, which incorporates important centrifugal as well as kinetic effects. As
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explained in this introduction, centrifugal effects cause a stronger coupling of the perpen-
dicular and parallel dynamics, even within the ideal MHD model, and therefore a kinetic
treatment should be expected to be of particular importance for plasmas with strong toroidal
rotation. The extension of existing kinetic-MHD models to consistently include centrifugal as
well as kinetic effects is the main goal of this thesis. This requires a better understanding of an
appropriate simplified kinetic description (a guiding-centre description) of the dynamics of
charged particles in a tokamak plasma, and the relation of this microscopic guiding-centre
theory to the macroscopic fluid description which describes the gross motion of the plasma in
response to the kinetic effects.

The remainder of this thesis is organised as follows. In chapter 2, we will review guiding-
centre theory as developed originally by Littlejohn [Lit83]. A full derivation of the higher-order
guiding-centre Lagrangian allowing for flow velocities on the order of the sound velocity will
be presented. A complete and detailed derivation is given in this work. It is hoped that the
level of detail may serve as a reference for anyone wishing to learn about the derivation of
these equations, which are not only implemented in most modern particle pushing codes,
but also form the basis of modern gyrokinetic theory [BH07]. It will be shown how the kinetic-
MHD model of Porcelli et al. [PSK94] can be derived from gyrokinetics. The non-adiabatic
and adiabatic contributions to 6 f identified in [PSK94] will be shown to correspond to the
perturbed distribution function in gyrocentre coordinates and the contribution arising due to
the pull-back to guiding-centre coordinates, respectively. Moreover, our derivation allows for
the inclusion of centrifugal effects as well as a parallel component of the perturbed electric
field. Diamagnetic effects will be discussed at length in chapter 4. From the point of view
of guiding-centre theory, it will be shown that diamagnetic effects arise due to higher-order
corrections in the Larmor motion of particles about their guiding centre. These higher-order
corrections stem from gradients in the electric field, due to which the particles describe an
elliptic rather than a circular motion perpendicular to the field lines. In particular, the deviation
from a circular Larmor motion is shown to cause off-diagonal components of the pressure
tensor, resulting in a so-called “gyroviscous” contribution to the pressure tensor. Based on
well-known results from fluid theory together with this novel derivation of the gyroviscous
pressure tensor from guiding-centre theory, the pressure closure approach is then followed
to derive a consistent kinetic-MHD model that is suitable for a numerical implementation
and can be used to describe the stability of plasmas to internal kink modes, including the
effects of strong toroidal flows, kinetic effects due to the resonant interaction with thermal and
supra-thermal (virtually) collisionless ions and the effects of a parallel electric field in a single,
unified model based on guiding-centre theory. It will be argued in chapter 4 that under suitable
approximations the kinetic-MHD formulation with pressure-closure achieves a more efficient
description of the kinetic effects for global macroscopic instabilities, compared to a fully
kinetic formulation based on a current-closure approach. Indeed, a fully kinetic description
appears to require higher-order O(ep?) corrections (in Larmor radius) to be retained to achieve
a suitable description of macroscopic instabilities. In contrast, within the proposed kinetic-
MHD approach, O(eg) corrections appear to be sufficient. Thus, we argue that the kinetic-
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MHD approach relying on pressure-closure may achieve a more efficient description of the
plasma dynamics, as compared to an alternative approach based on current-closure.
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¥4 Guiding-centre theory

2.1 Introduction

As has been pointed out in the previous chapter, it is commonly agreed that, in principle, the
dynamics of plasmas of interest to fusion research are well-described by the Vlasov-Maxwell
system of equations. These equations are able to describe most aspects of the plasma dy-
namics; ranging from macroscopic (fluid) instabilities to the enhanced transport due to small
amplitude microscopic instabilities associated to turbulence, the interaction of electromag-
netic waves with the gyromotion of particles (used for plasma heating) and even describing
the propagation of high-frequency waves through the plasma. With this power of describing a
wide range of effects comes an inherent complexity, which makes these equations not only dif-
ficult to understand and analyse analytically, but also extremely difficult to solve numerically
in all but the simplest of settings. It is therefore not astonishing that the greatest progress in
plasma physics has been achieved by the development of simplified models, which for a given
problem, retain the essential physical effects required to understand the plasma dynamics,
while at the same time discarding superfluous information, such as effects taking place at
length or time scales which are not relevant to the physics processes of interest. If a suitable
model can be found, this allows both analytical as well as numerical progress to be made,
resulting in a deeper understanding of the physical processes taking place.

One important example of such a reduction in complexity occurs when passing from kinetic
to fluid theory. Fluid theory, and in particular ideal MHD has led to a better understanding
of macroscopic instabilities, as has already been discussed in the previous chapter. Another
example of such a reduced model will be discussed in the present chapter. Its goal is to give
a description of the motion of individual charged particles in strong background magnetic
field, whose exact description under most conditions of interest is assumed to be given by the
Lorentz equations:

mx =qlE(x)+ v x B(x)]. (2.1)

Here, x denotes the particle position, v = x the particle velocity, m is the particle mass, g the
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particle charge, and E, B denote the background electric and magnetic fields, respectively.

As is well known, such particles carry out a helical motion around field lines. The frequency of
the gyration increasing with higher magnetic field strength, and when lowering the particle
mass. Assuming a homogeneous background B-field B(x) = By and E(x) = 0, and choosing
a cartesian frame ey, e;, b, such that By = Byb, the solution of the Lorentz equations, can be
written in the form

x(t) = Xo+ vy, t+p(1), p)=pocos(()e —posin(()es, (1) ={o+Qot. (2.2)

The six constants Xy, po, Vo, = Vo, b, {0 are to be determined from the initial conditions, i.e.
form the specification of the six (3+3) components of the initial particle position and velocity
(x0, v9). The constant Qy depends on the particle mass m, the charge g and the background
field strength By: Qp = gBy/m. According to (2.2), the particle describes a helical motion
around its “guiding-centre” Xy, with a constant parallel velocity vy along the field lines, and
with gyration frequency, or gyrofrequency, given by Q. Note in particular that Qy depends
only on the particle species (characterised by charge and mass), as well as the field strength
of the background field, but it is independent of e.g. the particle energy. It turns out that for
most typical macroscopic instabilities in magnetically confined plasmas, the characteristic
time scale of interest is much longer than the gyrofrequency of the particle species. This
means that even during a potentially disruptive plasma instability, all particles involved will
typically undergo a large number of gyrations before the fields have changed appreciably. This
suggests that to describe the interaction of the particles with such plasma instabilities, only
the “gyro-averaged” particle motion (average over one gyroperiod), is usually of relevance.

In addition to this difference of time scales between the particles’ fast gyromotion and typical
plasma instabilities, the magnetic confinement in tokamaks is, by design, such that the applied
magnetic field binds the particles as tightly as technically feasible. This makes the typical
particle gyroradius pg = v, /Qg of most particles (v, ~ vy,) much smaller than the typical
length scales Lg ~ [|VB|/B]~! of the plasma. Macroscopic instabilities, which are the most
dangerous to the confinement of the plasma, have typical scale lengths on the order of Lg. To
obtain a reduced description of the particle dynamics, it is therefore reasonable to assume
po < Lp, and Qp > w, where w is the typical frequency of the plasma instability (inversely
proportional to the time-scale on which the instability changes appreciably).

The reduced description of particle motion under these conditions on the time- and length-
scales of interest is usually referred to as guiding-centre theory. The central aim of guiding-
centre theory is to find a reduced description of the average particle motion, or more precisely,
to describe the motion of the particle’s guiding-centre. To derive reduced equations of motion
for the particles, one introduces the formal guiding-centre ordering parameter

w
eB~@~—<<1.
Lg Q

Historically, two approaches to deriving suitable guiding-centre equations of motion have
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been followed. The first approach, pioneered in the 1950’s and 60’s by Alfvén, Kruskal, Northrop,
led to the first insights into the properties of guiding-centre motion. This approach is concep-
tually straight-forward, but becomes somewhat computationally involved, in particular when
attempting to derive higher than first-order corrections to the guiding-centre motion in €p.
Using this approach, one starts from the ordered (and normalised) Lorentz equations

v=cg '[Ex)+vxB(x)], x=v,

and proceeds to solve these equations for the average particle motion, order by order in
ep. Using this approach, it has been observed that the magnetic moment u = %mvil Bisa
conserved quantity to order eg. The existence of such an (approximate) conserved quantity is
a fundamental insight that underlies much of guiding-centre theory. It also provides a first
clue that a different description and derivation of the guiding-centre equations of motion

should be possible.

As is well-known, it is a mantra of classical mechanics that classical systems should be de-
scribed by a Lagrangian, and the equations of motion obtained from variational principles. In
particular, there should be a Lagrangian description of guiding-centre motion. The second ap-
proach to deriving guiding-centre motion, comes from an attempt to find this guiding-centre
Lagrangian. In accordance with Noether’s theorem, the conserved quantities of the particle
motion correspond to the symmetries of the Lagrangian. Therefore, if i is a (approximate)
constant of guiding-centre motion, then there should correspond to it a (approximate) sym-
metry, and as the experience from Hamiltonian mechanics indicates, the variable conjugate to
w should be a periodic (or approximately periodic) variable. One obvious candidate for such a
variable is the gyroangle {, that we have already encountered in equation (2.2). It turns out that
the derivation of such a guiding-centre Lagrangian requires mathematical techniques beyond
those that one can typically find in textbooks on Lagrangian or Hamiltonian mechanics, which
are mostly formulated with respect to canonical variables. After several attempts, an elegant
derivation of the guiding-centre Lagrangian in a natural (non-canonical) set of coordinates
was finally achieved in the celebrated work of Littlejohn [Lit83], whose methods underpin
most of “modern” guiding-centre theory (as presented e.g. in [CB09]) and natural extensions
such as gyrokinetics, not only in theory but also in their numerical implementation.

One crucial advantage of the Lagrangian formulation of guiding-centre theory over the equa-
tions obtained by direct expansion of the Lorentzian equations of motion, is that the La-
grangian guiding-centre equations automatically ensure that additional conservation laws are
satisfied precisely; in a static background the guiding-centre energy is exactly conserved, and
in an axisymmetric background field, the canonical toroidal momentum Py is a constant of
guiding-centre motion. Since the conservation of toroidal momentum is intimately related to
the confinement of particles in tokamaks, physically realistic simulations are usually based on
the Lagrangian guiding-centre equations, as only they ensure that particles will not experi-
ence an unphysical drifting motion which might cause them to escape the plasma even in a
perfectly axisymmetric configuration.
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The general mathematical technique that has been developed and introduced to guiding-
centre theory by Littlejohn [Lit83], will be used in section 2.4 to provide a full and detailed
derivation of the guiding-centre equations in strongly flowing plasmas. While this derivation
is not entirely new, it is here given in unprecedented detail, including computations that are
usually omitted in the published literature (probably for the sake of brevity). The intention
of including these calculations here is two-fold: Firstly, our results disagree in some details
with expressions found in the literature. These differences turn out to be important for our
subsequent discussion of finite Larmor-radius effects in kinetic MHD. It is hoped that including
the detailed derivation of the equations here will make it possible for anyone interested to
check the correctness of the results. Secondly, a major hurdle to entering the field of guiding-
centre theory (and gyrokinetics) is the understanding of fundamental concepts such as the
push-forward and pull-back relations. A proper understanding of these concepts, in particular
to higher than leading-order, turns out to be rather subtle and requires a closer look at the
meaning of guiding-centre variables, and their relation to the particle position and velocity. As
pointed out by Brizard, modern guiding-centre theory is not fundamentally a description of the
“average” particle motion, but rather a description of particle motion in the most convenient
coordinates, making the conserved magnetic moment y and its conjugate ignorable variable ¢,
appear explicitly. In this formulation, the reduction is not achieved by any averaging, as is often
erroneously claimed, but by uncovering a hidden symmetry of particle motion, the so-called
gyro-symmetry [Lit84]. It is the author’s hope that the detailed derivation given below will
allow more researchers to appreciate not only the usefulness, but also the beauty of Littlejohn’s
Lagrangian formalism of guiding-centre motion, without the pain of having to derive most
details on their own.

2.2 Lagrangian mechanics and Lie perturbation theory

The differential-geometric point of view for deriving reduced equations describing the motion
of charged particles in strongly magnetized background has first been introduced by Littlejohn
[Lit82,Lit83,Lit84], who bases his analysis on earlier methods introduced in Cary and Littlejohn
[CL83]. An overview of previous perturbation methods at that time is given by Cary in [Car81].
In the Lie perturbation approach, the equations for the motion of the particle’s guiding-
centre [Lit83] are derived by a perturbative method based on the geometric theory of classical
mechanics, as e.g. developed in the classic textbooks [AM87,Arn78].

In the following sections, we will first remind the reader of some basic notions of classical
mechanics, giving mostly references to existing excellent accounts of the background theory
in the literature, and then derive the starting equations of Lie perturbation theory. One of the
intentions of this section is to collect material which had to be assembled from various sources
in the literature. This section is therefore intended to serve as a convenient reference for the
reader, as well as building the basis for later sections. These further developments will require
a detailed understanding of not only the guiding-centre motion itself, but also the precise
meaning of the guiding-centre coordinates. By providing a more detailed discussion of the
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mathematical basis of guiding-centre theory, we hope to clarify the sometimes subtle issues
surrounding the guiding-centre transformation and to emphasize the fact that the guiding-
centre equations of motion are meaningless without knowledge of the chosen guiding-centre
coordinates, and how these coordinates relate to the phase-space coordinates of the physical
particle which they describe.

2.2.1 Variational principles and Lagrangian one-form

Informative discussions of the Lagrangian formulation of guiding-centre motion, including
the details of the variational principle can be found by some of the founders of this field, in
the reviews by Cary, Brizard [CB09, section II] and by Brizard, Hahm [BH07, section IV]. We
here discuss a few key elements which we shall make use of in the following.

It is well-known that given a physical system with N degrees of freedom, and set of coordi-
nates q = (¢', g%,...,q"), the dynamics of this physical system can often be described by a
Lagrangian L(q, q,t). The Lagrangian is a function of the coordinates and their time deriva-
tives. The variational principle states that the equations of motion can be obtained from the
Lagrangian, by finding the curve t — q(¢) which minimizes the action

Alq(D)] = fuq,q, bt

An equivalent condition for f — q(¢#) to minimize the action A is that g solves the system of
Euler-Lagrange equations

d ( OL) oL 0

dt\og) oq
For the motion of a charged particle of mass m and charge g in a background electromagnetic
field, the Lagrangian is given by

Lx, %, 1) = %xz + AR, D)% — gD, 1). 2.3)

The Lagrangian is expressed in terms of the time-dependent vector potential A, and the
electrostatic potential @, which are related to the electric and magnetic fields E, B as usual via
E=-V®-0;A, B=V x A. Ashort calculation confirms that the Euler-Lagrange equations for
(2.3) lead to the well-known Lorentz equations (2.1).

Unfortunately, this conventional Lagrangian formulation of the particle motion is not im-
mediately suitable for a perturbation analysis. The goal of perturbation theory is to find a
transformation to new coordinates to a given order in an expansion parameter, in which the
Lagrangian takes a simpler form, e.g. because the transformed variables make approximate
symmetries of the original Lagrangian manifestly apparent. The possible transformations
for a Lagrangian of the form (2.3) are transformations of the particle position coordinates
x = (x!, x?, x3), only; whereas our experience with the particle motion in homogeneous fields
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Chapter 2. Guiding-centre theory

(cp. equations (2.1), (2.2)) clearly indicates that suitable guiding-centre coordinates should
depend on the particle velocity in addition to the particle position. This motivates an ap-
proach, where not only the particle position x, but also the particle velocity v are treated as
independent coordinates.

Early attempts at deriving guiding-centre equations have therefore focused on classical
Hamiltonian perturbation techniques, where one first introduces the canonical momentum
p=0L/0q(q,q,t), and uses this to interpret the velocity g = q(q, p, t) as a (time-dependent)
function of the phase-space variables (p, q). In canonical coordinates (p, q), the dynamics
can then be expressed in terms of a scalar function, the Hamiltonian H(p, q, t), by Hamil-
ton’s equations ¢ = 0H/dp and p = -0 H/dq. With this canonical formulation in place, the
perturbation analysis can then proceed via canonical transformations.

That such canonical methods are not favoured in the context of guiding-centre theory can
be attributed in large part to the fact that the canonical momentum of a charged particle
is in this case given by p = 0L/0x% = qA(x, t) + mv, and is therefore not a simple function of
the velocity v, as would be the case in other systems. Furthermore, since gA is formally ez ™!
larger than mv in the perturbative ordering, the transformation to canonical variables mixes
terms of different orders. This makes both the perturbative analysis, as well as the physical
interpretation of the results more difficult, compared to the viewpoint introduced by Littlejohn,

which we will describe next.

Instead of working in canonical coordinates, Littlejohn’s approach uses arbitrary phase-space
coordinates, which one is therefore free to choose. The two main benefits of this approach are
that it is possible to choose suitable coordinates with a simple physical interpretation, and
that there is more freedom in the choice of transformations in the perturbation analysis. This
comes at the expense of having to transform not only the scalar Hamiltonian, but instead all
components of the so-called phase-space Lagrangian.

Since general phase-space coordinates are considered, it is most natural (or maybe inevitable)
to formulate this approach in the language of differential geometry. In such a geometric
formulation of Hamiltonian mechanics, the phase-space Lagrangian is now interpreted as a
one-form I" on phase-space. We will assume the reader to be familiar with this formulation
of mechanics, for reviews of the mathematical elements we refer to [CB09, BH07,BSQ13]. In
canonical coordinates, this one-form can be expressed simply as

N .
=p-dq-H(p,q,t)dt= (Z pidq’) —H(p,q,1t)dt.
i=1

To avoid writing out sums as above, we will make use of Einstein’s summation rule whereby
repeated indices are summed over, in the following. One may think of I" as an infinitesimal
action, since the action along a path t — a(?) := (p(1), q(t)) (say, defined for ¢ € [fy, f]) in
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2.2, Lagrangian mechanics and Lie perturbation theory

phase-space can be simply obtained by integration of I' along the path a:

5] n
d(a(t))zfrzf a(t)-rlam=f [p(0)-q(2) - H(p(1), q(1), D) dt.
a In oy

Minimizing the action «f is equivalent to Hamilton'’s equations. In contrast to the Hamiltonian
formulation, the equivalent formulation in terms of the one-form I' also indicates the correct
phase-space Lagrangian formulation with respect to arbitrary phase-space coordinates: If
Z = (Z',...,ZN) are arbitrary phase-space coordinates, then we can express p = p(Z), q =
q(Z) and H = H(Z, t). The phase-space Lagrangian I' is then given with respect to Z, by

0q(Z)

T i . _ .
P=Ti(Z,0dZ'-Hdt, TyZ,0=p(Z 0 ——.

(2.4)

Example 2.2.1 (Charged particle phase-space Lagrangian). To give a concrete example of the
above abstract formulation, let us compute the phase-space Lagrangian of a charged particle
in a background field. In this case the canonical momentum is given by p = gA(x, f) + mx, so
that

x(x,p,t)=p/m-qgAx,t)/m.
The Hamiltonian is
1
H@,p, 1) = p-&(x,p, )~ L, &3, p, 0,0 = |p-qAx, 0| - qox, 0. (2.5)
We now choose as our phase-space coordinates Z = (x, v), the position and velocity of the

particle. From the general transformation rule (2.4), we then find: g = x, p = gA(x, t) + mv
and H(Z) = 3mv? + q®(x, 1). Therefore

(p- a;zi) dZ'=p;6idx' =p-dx=[qAx, 1)+ mv]-dx,
where { is the Kronecker delta. Hence it follows that the phase-space Lagrangian in coordi-
nates (x, v) is given by

dt. (2.6)

1
I =[qAx,0)+mv]-dx— Emv2+q®(x, f)

Given an expression for I' in a chosen set of phase-space coordinates Z, the equations of
motion are obtained by minimizing the action along the path Z (1),

5] ..
d(Z(I))=f [I“,-(z(t),t)Z‘(t)—H(Z,t) dt.
fo
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Chapter 2. Guiding-centre theory

The Euler-Lagrange equations corresponding to this variational problem take the form

6F.z,t i y O ] ) )
( J )_OFZ(Z.I))',Z]:(?F,(J D, O0HZ D i1 N @.7)

0Z! 0Z1 ot 0Z!

We note that for any function S(Z, t), adding the exact one-form dS=0;SdZ' +0,;Sd to the
Lagrangian, we obtain a new Lagrangian T’ given by

“~ 0S ; 0S
FEF+dS=(Fi(Z,t)+—.) le—(H——) dt.
0Z! ot

Writing I= fi dZ'— Hdt, with

. s aS
I'=sl'i+—, H=H-—,
0FZi or
we observe that
or; afi_(arj+ 4%s ) (ari+ 8%S )_ar,- or;
0zt oz \ozi oziozi) \ozi oziozi) ozt oFi’

and

a_f,-+aﬁ_(@+ 0%S )+(6H_ %8 )_@+aH
or o' \or or0zZ') \oZ! ozZiar) or oZF"

Hence, we find the well-known fact that the equations of motion (2.7) for ZJ, derived from T
and from T = I'+dS are the same and hence the physics described by the Lagrangian one-form
I' is invariant with respect to the addition of a “total derivative” dS.

Case of a time-invariant symplectic part I'; (Z) dZ i

Let us assume now thatinfactI'; = I';(:Z), does not depend explicitly on time. The Hamiltonian
is still allowed to explicitly depend on time, H = H(Z, t). Introducing the notation w;; =
or il 0Zi - or';/10Z J for the coefficients in front of Z in (2.7), we can then write the Euler-
Lagrange equations more succinctly in the form

zl - X;{(.Z), (2.8)
where Xy is the Hamiltonian vector field, which is defined as the solution of
—_—, fori=1,...,N. (2.9)
Clearly, if ¢ 1/(Z) denote the matrix coefficients of the inverse matrix of w ij(Z), then this

can be equivalently written in the form X ;{ (Z,0)=_¢ 1(Z)o jH(Z,t). This suggests another
common formalism; to express the equations of motion in terms of the Poisson bracket {-, -}.
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2.2, Lagrangian mechanics and Lie perturbation theory

The Poisson bracket acts on functions f(Z), g(Z), and is defined by

f(Z) 28 0g(Z) _ 0f(Z)

0Zi — o0ZFi

FAlE it ag (z) (2.10)

{f(@),g@)} = z zf}
In terms of the Poisson bracket, we can now very concisely combine (2.8), (2.9) and write the
time evolution equation (2.7) (under the assumption that d,I'; = 0), as

zi:{zf,H}, fori=1,...,N. @.11)

We note that the coefficients _#/ of the Poisson matrix are given by inverting the matrix with
coefficients w;; = 0;I'j — 0,T';, and hence the expression of the Poisson bracket in a given set
of coordinates Z, depend only on the so-called symplectic part T; dZ" of the phase-space
Lagrangian I', but not on the Hamiltonian H(Z, t). More precisely, the coefficients depend on
the symplectic (two-)form

wzdri/\dzi:(aii.—aij.)dzi/\dzf. (2.12)

0Z] 0Z!

Note that in this time-independent case, for any function S = S(Z), adding the closed form d S
(“total derivative”) to the phase-space Lagrangian I' — I" + d S results in the same symplectic
structure, since d?S = 0 implies that d(I' + dS) = dI" = w. Furthermore, the addition of dS
also leaves the Hamiltonian invariant. Therefore, with this Poisson bracket formulation, the
resulting equations of motion are independent of the addition of dS for time-independent
S. We will employ this Poisson formalism in chapter 4, to extend the ad hoc derivation of
the linearised kinetic-MHD equation for the perturbed distribution function 6 f of Porcelli
et al. [PSK94], to allow for strong toroidal rotation. While the work [PSK94] achieved this by
carrying out a direct linearization of the guiding-centre equations of motion, the abstract
approach in terms of Poisson which we will present, results in a shorter argument and clarifies
the meaning and origin of the adiabatic and non-adiabatic contributions to ¢ f derived by
Porcelli et al. in the non-rotating case.

As has been explained in the present section, the general phase-space Lagrangian formulation
of mechanics requires knowledge of the symplectic form w, in addition to the Hamiltonian
H. Canonical coordinates are precisely those phase-space coordinates Z, = (p, g), in which
the symplectic form w has a coordinate representation of the canonical form w = dp A dq,
corresponding to a phase-space Lagrangian of the form I' = p-dq — Hdt. Compared to an
approach based on canonical coordinates, the phase-space formulation allows considerably
more flexibility in the choice of phase-space coordinates, and therefore enables us to choose
the most suitable form for a given problem. This observation is particularly important for the
Lagrangian formulation of guiding-centre theory.
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Chapter 2. Guiding-centre theory

2.3 Guiding-centre theory in co-moving frame

In this section, we apply the Lie perturbation theory explained in the previous section to
obtain a reduced set of guiding-centre equations of motion describing the motion of a charged
particle. For later applications, it will be useful to develop a set of guiding-centre equations
based on the velocity variable decomposition v = u(x) + w, where u is the (leading-order in €p)
fluid velocity and w can be viewed as a thermal fluctuation. This has been achieved in [Bri95]
for the case of a time-independent equilibrium flow u. A similar approach has been followed
in [Mad10] in the case of time-varying fields, but a slightly different decomposition v =
ur(x, t) + v was employed, with ug the E x B velocity so that the parallel velocity corresponds
to the parallel velocity as measured in the lab frame. Here, we extend the results in [Bri95] to
allow for time-varying fields. It turns out that the calculation is an almost verbatim repetition
of [Mad10, appendix], with the only difference being that ur is now replaced by u and the
parallel guiding-centre velocity v is replaced by the fluctuating parallel part wh. Along the
way we have, however, found two errors in [Mad10, appendix], which do not affect the results
in the main text of that work but which will be crucial for the present work. This section
serves two purposes. Firstly, we explain our precise choice of guiding-centre coordinates,
including higher-order corrections. Secondly, since our results disagree with published work
[Mad10], we would like to present the perturbation analysis in full detail to enable the reader to
convince himself of the correctness of our derivation. Furthermore, we hope that the detailed
calculations included in this section may serve as a convenient reference for anyone wishing
to learn about guiding-centre theory from the Lie perturbation approach.

2.3.1 Phase-space coordinates

We start our discussion of the guiding-centre transformation by choosing a more convenient
set of coordinates on phase-space. To this end, we first fix unit vector fields e; (x, 1), e2(x, 1)
perpendicular to b(x, t), so that (e1, e», b) forms a right-handed orthonormal basis at any point
x and time ¢. Instead of phase-space coordinates (x, v), it will be more convenient to write the
particle velocity relative to a given background flow velocity u(x, ) in the following form

v=u(x, 1)+ wob(x, 1)+ cL(x, uo, o, 1), (2.13)
in terms of a new set of particle coordinates (x, wy, to, o). Then, clearly
wo = [v—ux, )] bx,1) (2.14)

is the parallel particle velocity measured in a frame relative to u, and c, is the perpendicular
velocity relative to u. Following [Bri95, Mad10], we have introduced a variable p, defined by

2
mcy

2B, 1)

Ho (2.15)
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2.3. Guiding-centre theory in co-moving frame

Finally, the gyro-angle variable { is defined relative to e;, e» by the relationship ¢, = —c, [sin({¢)e; +
cos({p)ez]. More explicitly, from (2.15) we find that

2upB(x, 1) .
1ot G0, 1 = =\ 22D sing)en 3, 1) + cosColea(, .

We shall assume that u is the leading-order mass flow of the plasma, whose perpendicular
component is given by the E x B flow, i.e. we assume u x B = —E, . The parallel component
is left undefined at the moment and can be chosen depending on the particular physical
application without any change to the derivation presented in this section. With this choice of
particle coordinates (x, wy, to, o), the phase-space Lagrangian for charged particle motion,
giving rise to the exact Lorentz equations of motion (which we will denote by y in the following),
becomes

1 2
y=[qA+ mw+mec,|-dx— q©+§mw +mw-c, +uoB| dt. (2.16)

Here we have denoted w = u(x, t) + wyb(x, t). We have the following ordering, where the
background fields vary on a typical length scale Lp:

W~u~cy ~vyp, A~LgB, E~|uxB|~uvnB, ®~LgE, (2.17)
and, with Q = gB/m the gyro-frequency, p, the gyro-radius, it is assumed that
Uth = pthQ, Pth/LB ~€ep<kl, at/Q ~w/Q ~ epkl, (2.18)

where it is reminded that e is the formal guiding-centre ordering parameter. From the above,

we find
mw +mc mv
L D Ph e« (2.19)
qA qBLp Lp
and
smw?+mw-cy +ppB  mvj mvg, Uth  Pth
~ ~ ~ ~— ~ep<xl. (2.20)
qo qo qBLpvy, QLp Lp

Based on this ordering, we can write y = yo + €gy1 where

Yo=¢gA-dx—qddt,

1, (2.21)
Y1=[mw+mc,]-dx— Emw +mw-c, +yB| dt.

It now becomes evident that the Lagrangian (2.16) possesses an approximate symmetry with
respect to {o. More precisely, if it were not for the terms involving ¢, , all coefficients of the
Lagrangian would be independent of {, which would imply the existence of a conserved
quantity by Noether’s theorem. In reality, there is no such exact invariant. However, since
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Chapter 2. Guiding-centre theory

the {y-dependent contributions occur in the higher-order “correction” y,, there does exist
an approximately conserved quantity, an adiabatic invariant, which is referred to as the
magnetic moment . To lowest order, it turns out that p = yg with yg given by (2.15). The Lie
perturbation approach allows us to compute an expression for u to arbitrary order in €. In the
present work, we will only explain the derivation of the first-order correction. For higher-order
expressions and an algorithm suitable for implementation in computer algebra systems we
refer the interested reader to the work of Burby et al. [BSQ13].

2.3.2 Summary of guiding-centre transformation

In section 2.4 below, we will present a detailed derivation of the guiding-centre transformation
in a frame co-moving with a background flow u, based on a Lie perturbation analysis up

3

to third order in eg. As will be seen, an expansion to €g” is necessary (at least of certain

terms) in order to uniquely determine all the components of the second-order guiding-centre
Lagrangian ' =Tg+epl'; +¢€ 52T (cp. [Bri95,Mad10,BSQ13]). Here, we summarize our results.

Rotating frame

Given the right-handed orthonormal frame (e, e», b), which was used to define the gyro-angle
(o above, we define a rotating frame (g, b, 1) by

1(X,({,t) = —sin()e (X, ) —cos(()ex(X, 1),

~ . (2.22)
p(X,(, 1) =cos()e1 (X, 1) —sin(()ex(X, 1),
Following [CB09], we also introduce the dyadic tensors
1, ~ 1, ~~
alz—i(pJ_+Lp), aZ:Z(Ll—pp). (2.23)
Particle coordinates

The guiding-centre transformation maps physical particle coordinates (x, wy, o, {o) to guiding-
centre coordinates (X, w, i, {). The particle coordinates are defined with respect to a reference
flow u(x, t), in terms of the particle position x and velocity variables (wy, o, (o). The velocity
variables are defined via the particle velocity v in the lab frame, as follows: First, we introduce
the particle velocity, as measured in the frame co-moving with u(x, ) by w = v — u(x, t). Then
we set

1 2
smlw, |

B (2.24)

. ,t
wo=bx, 0w, o= W1_<x>)

, = arctan
o ( w-ex(x,1)
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2.3. Guiding-centre theory in co-moving frame

so that the particle velocity in the lab frame can be written as

v=u(x, 0+ wob(x, 0+ &n’iﬂ“oi(x, t,00), (2.25)

with 1 given by (2.22).

Guiding-centre Lagrangian in co-moving frame

The second-order guiding-centre Lagrangian corresponding to this guiding-centre transfor-
mation is given by (cp. (2.55), (2.59), (2.66), (2.99), (2.100)):

rqu*-dX+eBz%dc—Hdr, (2.26)
where
1
A*zA+eBﬂW—e32m—f(R+—[b-be]b), (2.27)
q q 2
and
1 5 smu (1
H= gy ymW? + uB | +ex =5 | Sl (Vx )] +5). 2.28)

Here, we have defined the leading-order guiding-centre velocity W = u(X, t) + wb(X, t) and
the gyrogauge fields are given by

6e1
R=(Vey)-e;, S= E)eg. (2.29)

Guiding-centre equations of motion

The guiding-centre equations of motion are derived from (2.26) by the variational principle
(2.7). Following [CB09], we introduce

B*=Vx A" (2.30)

q or’

Then, the equations of motion for X and w can be expressed in the form

. B* E*xb
X=(b-w)+w) —+———,
BII BII 2.31)
B*-E* :
b IBE
m BIT
WithB‘TEb'B*.
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Chapter 2. Guiding-centre theory

The equations of motion (2.31) including higher-order corrections at order e are considered
in more detail in chapter 3, in the limit of vanishing background flow u = 0, in the context of
numerical slowing-down simulations.

Expanding the equation of motion for X in (2.31) to first order in €, it can be shown [Mad10,
eq.(49)] that (2.31) can be written in the more familiar form

. 1 )
X=W+ep ibxv3+—bx(—+w-v)w +0egd), 2.32)
qB Q ot

with Q = Q(X, 1) = # the gyrofrequency at the guiding-centre position X. In (2.32), we
can clearly identify the leading-order guiding-centre velocity W = u + wb (which includes
the E x B drift perpendicular to the magnetic field via u; = E x B/B?), as well as the well-
known V B-drift. In the absence of a strong background flow (u# = 0), the last term is given by

QY w?b x (b-Vb), which is therefore identified as the curvature drift in limit u = 0.

The approximate form (2.32) of the guiding-centre equations of motion with strong back-
ground flow will be one ingredient in our derivation of higher-order (gyroviscous) corrections
to the pressure tensor in chapter 4. It turns out that the correct form of these gyroviscous
corrections requires not only the equations of motion, but crucially depends on higher-order
Larmor-radius corrections in the particle position (expressing deviations from circular Larmor
motion about its guiding-centre). We summarize the relation between particle coordinates
and the coordinates of the corresponding guiding-centre next.

Relation between guiding-centre and particle coordinates

To the accuracy that is required to obtain the second-order guiding-centre Lagrangian, the
guiding-centre transformation is given in terms of phase-space generating vector fields G,
and G according to (2.54), below, as follows:

1
X =x+epGf +ep? |GX + 5G1° dG{ |+ 0(ep®),

w = wy+epGY + O(ep), (2.33)
U=l +€BG¥+O(€BZ),

¢=2Co +€BG§ +0(ep?),

We recall that the terms on the right hand side of (2.33) need to be evaluated at the particle
coordinates, i.e. by formally substituting (X, w, u,{) — (x, wy, to, (o) in the expressions (2.37)-
(2.42).

The inverse mapping from guiding-centre to particle coordinates is obtained according to
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2.3. Guiding-centre theory in co-moving frame

(2.53) as follows:

x=X+eppg +632p1 +0(ep>),

wo = w—epG}’ + O(ep?),

u ) (2.34)
Mo = 'u—é‘BGl + O(eg“),
{o=(—e5G; +0(er?),

where the right-hand side coefficients (2.37)-(2.42) are now evaluated at the guiding-centre

coordinates (X, w, i, (), and where we have used the notation pg = —Gf‘ and

1
pls—G§‘+§Gl-dG{‘. (2.35)

After some algebraic manipulation detailed in the appendix, the higher-order displacement
(2.35) can be written more conveniently in the form

0 0 1 1
P :_(g”@+g{6_()p°_5(b'vx W)po - G§II+§‘°0'W"”O b. (2.36)

Coefficients of generating vector fields

We now collect the required components of G;, G». The spatial component of G, is given by
(cp. (2.67))

[ou
GX = —po=~- q—gp(X,t,(). 2.37)

We recall that p is the rotating unit vector in direction of py, defined by (2.22). From (2.74),
(2.75) and (2.98), we obtain

G{”:g[b-(VXb)+a1:Vb]—wpo-x+pox[bX(qu)]. (2.38)

This expression involves the dyadic tensor a; defined in (2.23). The first-order correction to the
parallel guiding-centre velocity G’ is expressed in terms of the field line curvature x = b- Vb,
the field strength gradient VB and the magnetic field line twist T = b- V x b, as well as the curl
V x u of the background velocity u. We note that, given two dyadic tensors C and D, we denote
by

3
C:D= Z CijDij,
ij=1

the contraction on both indices, where C; j, D;; are the components of C and D with respect
to an orthonormal basis.
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Collecting (2.72), (2.84) and (2.93), we find

G’JZ—E(b-(VXW)+a 'VW)+ﬂ . a—VV+W-VW + -VlogB (2.39)

This expression for G’f corrects an error in [Mad10, eq. (A24)], which mistakenly contains an
additional factor of % in front of the OW /0t term.
Equations (2.73) and (B.6) yield

G¢ R ! ax:Vw q ( b) (OW +W-VW + 2H VB) (2.40)
=—po-R——=ay: ———(poxb) | = . — . .
17 TPt 2u0 PO ot 3m

Finally, we write down the spatial component Gg‘ = Gg Lt an b. The perpendicular contribu-
tion is given by (2.76)

1 1 ac‘L aCJ_
GX ==[b-(VxW)lpo+—bx |gt——=+g"——=]|, 2.41
2,LQ[(X)hoomxgaugaz (2.41)
where
8u= Gf —upo-VlogB,
g(:Gi+p0-R.
According to (2.96), the parallel component Gg\l is
1 ob U
X _ .
G2y||__§p0'{bx bVW+WVb+a }+q—Qaz.Vb. (2.42)

Here the dyadic tensor a; is defined by (2.23), above.

This expression for the second order components Gé" corrects two errors in [Mad10, eq. (A35)],
where the % contribution to GQXH contains an erroneous additional factor of %, and the last
term in [Mad10, eq. (A35)] does not gyro-average to zero.

The expressions for Git and Gg‘ presented here will be crucial for the derivation of the correct
form of the gyroviscous components of the pressure tensor in chapter 4. Only with these
corrections does the derivation from guiding-centre theory recover the corresponding result
based on fluid theory [Mac65].
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2.4 Derivation of guiding-centre transformation

2.4.1 Phase-space transformations induced by a vector field

Given a vector field G on phase-space M, we associate to it a flow ¢ : M — M, defined by
following the vector field G for a time s, i.e. ¢ is defined as the solution of the system of ODEs

dops(Z2)
ds

=G(ps(Z2), $o(Z)=Z, VZeM.

For fixed s, the mapping ¢; is a bijective phase-space transformation (diffeomorphism) and we
can use it to define new phase-space coordinates Z by the relation Z= ¢1(Z), i.e. following
G up to time s = 1.

If G = O(e) is formally small in an expansion parameter €, then the difference between Z and
Z will be small as well, in the sense that the distance between Z and Z is O(e). In this case,
we introduce a formal ordering parameter (or tag) €, which in reality is set to € = 1, but is used
to keep track of formally small quantities in our perturbation analysis. To emphasize that G is
considered small, we would then write €G rather than G, and denote

Z = ¢e(Z).

In this case, we call ¢, a near-identity transformation, since to lowest order in € we find
Z" ~ Z%+eGY(Z) + 0O(?), and ¢, differs from the identity only by terms of order ¢ and
higher.

The basic idea of Lie perturbation theory is to choose the vector field G in a suitable way so
that the dynamics in terms of the new coordinates Z is simpler than the original dynamics in
coordinates Z. If such a reduction in complexity can be achieved and a suitable €G can be
found, then one can solve the simpler equations of motion for Z and obtain the corresponding
evolution of Z from the inverse relationship Z = (/)_6(5). To find equations that can be used to
determine a suitable eG, we first need to consider how geometric quantities such as functions,
vector fields and differential forms transform under the near-identity transformation induced
by eG. We begin by explaining this in detail for a given phase-space function f(Z). To such a
function f, we can associate the corresponding function ¢ f (it’s pull-back), which is written
in new variables Z, by requiring that [J€ f] (Z) = f(Z), or more explicitly

T 1@ =) [IZ) = fp-c(Z))
is the pull-back of f from Z to Z. Then, to leading order in e,

LT fIZ) = fp-s(@Nls=o +e di‘s o I @-s(D)ls=0+ 0"
= (@) -e(G-df)lz+ 0,

which is usually expressed more simply, yet slightly ambiguously, in the form 5¢f = f —e(G-
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Chapter 2. Guiding-centre theory

df) + O(e?). To go beyond first order, we consider any 0 < s < ¢:

,1 * _ 71 * 71 % 3
o=, 1] = pm, P IO gy ] ST )

As—0 As As—0 As

where we have used that the flow and its inverse satisfy ¢! = ¢ oy ], so that (¢ 71, )" f =

(o5")" ((4’;1)* f)- The limit on the right-hand side can be expressed in terms of G as a Lie
derivative

(PR ST
A S v
so that 9 * is found to satisfy the following relation

0T f=—-eT Lsf. (2.43)

Since, J * and £ commute, we find the formal solution for  ° in terms of G as

® (—eLe)k
T =exp(—e%Lg) = I;)T (2.44)

Since I ¢ and £ also commute with the exterior derivative d, one can show that formula
(2.44) remains true also for differential forms, and therefore in particular the Lagrangian
1-form [BSQ13].

This gives us the required recipe for determining the form of 9 °y for a given function, or more
generally for a differential form y, in new coordinates Z to any desired order. Given an explicit
functional form for y: We first find 357/ for all required k, and then evaluate
(—eZLe)*y |

k! E2

TDF=)
k

With formula (2.44) at hand, we can now proceed to write down the transformation rules
required by Lie perturbation theory. We consider a Lagrangian one-form y which we assume
to be written in the form y = y( + €Y1, where 7y is a leading-order term and ey is a for-
mally small first-order correction. Rather than using a near-identity transformation induced
by a single generating vector field G, we consider a family of vector fields at different or-
ders €Gy,€%Go, €3 Gs, ... with associated near-identity transformations ¢, . pull-back operators
IS =exp (—e[,%G,), where £y = Z£g,, for £ =1,2,3,.... In this way, the transformation can be

¢
carried out order-by-order and we define the total transformation to be given by

Z=¢e(Z):i=[---opze0daeopre] (),

i.e. to pass from Z to f, we start at Z and first follow Gy, then Gy, followed by G5 and so forth.
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2.4. Derivation of guiding-centre transformation

The corresponding transformation operator J € is given by

T =[---oexp(—€> &) oexp(—e* L) o exp(—€.£1)]

1 1 (2.45)
=1-e¥ —€ (:52 - 5:;512) —¢ (23 ~ D+ ng’ +0(eh,

where the last expression is obtained from straight-forward expansion of the exponentials.

The inverse transformation from Z to Z coordinates and to a given order N, is obtained
by starting at Z and following first —eV Gy, then —eV~!Gy_;, and so forth until finally we
follow —€G; to find Z,i.e. Z = [¢p1 —c0+--0pn_1 —c 0 PN,—¢| (Z). The associated transformation
operator is correspondingly given by

(7€) = [expe£1) oexp(e® L) oexp(e® Ly) 0. ]

(2.46)

1
=1+ef +e* | Lo+ =L
2

1
+e3 (23 + LD+ 6213 +0(egY).

We thus find that the inverse relation (2.46) is not simply (2.45) with reversed signs of the
corrections terms, as one might think. This perhaps subtle difference between the (forward
and backward) transformation operators will turn out to be crucial in the correct evaluation of
the gyroviscous corrections of the pressure moment from guiding-centre theory in chapter 4
below.

Transformation rules for Lagrangian

We return to the Lagrangian one-form y = y( + €y, in coordinates Z. Note that this is pre-
cisely the form taken by the Lagrangian in physical coordinates (2.21), which gives rise to
the Lorentzian equations of motion. Following the above discussion, we can now write the
corresponding expression in the transformed coordinates Z. As discussed previously, the
physical Lagrangian y = y( + €57y exhibits a gyro-symmetry only to 0-th order. Our goal is ulti-
mately to find a suitable set of coordinates Z (corresponding to guiding-centre coordinates),
in which the transformed Lagrangian T =T +epT'; +€p2T5 +... is gyro-symmetric to higher
order in €. To this end, we first write down the general expression for I' in terms of arbitrary
generating vector fields Gj, Go, ... and then seek to determine Gy, Go, ... for which I'y, Ty, ... are
gyro-symmetric, i.e. do not depend on the (transformed) gyro-angle (.

Using (2.45), we find

=9 =To+el| +e’ T +€T3+...
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Chapter 2. Guiding-centre theory

with
Lo =7v0+ dSo, (2.47)
[ =y1—21y0+dSy, (2.48)
Iy=-L1y1— (552 - %312))/0 +dSs, (2.49)
[3=-— (552 - %zf)yl - (533 —~ L+ ézf Yo+ dSs. (2.50)

Here, we have also introduced closed forms dSy, dS;,..., which represent additional gauge
terms that can be used to simplify the resulting form of the transformed Lagrangian but which
will not affect the physics (see the discussion following (2.7)). The expressions (2.49) and (2.50)
can be simplified somewhat by noting that from (2.48) we have, up to the physically irrelevant
closed forms, Z;yy =y —I';. Inserting in (2.49) yields

1
F2=—$2Y0—£$1 (’}/1+F1)+ dSz. (2.51)

Similarly, we find that (2.50) can be rewritten, neglecting contributions due to exact forms,
using

—Loy1+ Lo Lryo = Loy + Loy 1) = LI,

Lory Lgny  Lgo, Yoo ry-lerg, il

21Y161Y0—2 17’1617’1 1—31Y121-
From which it follows that

1
I's= —xg}fo - LI+ 5212 + dSs. (2.52)

+1F
11 21

Equations (2.47),(2.48),(2.51),(2.52) express the transformed Lagrangian up to third-order in €,
in terms of the generating vector fields Gy, G2, G3 and the phase-space gauge functions Sy, ...,
Ss3. The Lie perturbation approach now consists of fixing a desired form for the transformed
Lagrangian I', and solving for G, Sy order-by-order in €. Usually, the form of I' is restricted
by solvability conditions for the generating vector fields and gauge functions. However, even
after these solvability conditions are taken into account, there will generally be many different
forms of the resulting Lagrangian, corresponding to different choices of the transformed
variables Z. This non-uniqueness has led to some confusion in the past, but any apparent
contradictions between different formulations are resolved when carefully taking into account
the associated phase-space transformations, as has been shown in [BSQ13].

Applying (2.45) to the coordinate functions Z% = [gb,g(f)]“ =g 6]5“, we find that

— 1
ZFO=F" - eGi ¢ (GS‘—EGl : dG{") +0(eg>), (2.53)
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2.4. Derivation of guiding-centre transformation

where the right hand side terms are evaluated at Z. Employing the inverse transformation
(2.54) to Z ' = [pe(Z)]* = [T€]"1Z*, we find

— 1
Z = Z%+eGY + ¢ (Gg +5Gr- dG¥| + 0(ep®), (2.54)

and the right-hand side terms are evaluated at Z.

2.4.2 Order-by-order analysis

The guiding-centre transformation is based on the approximately gyro-symmetric Lagrangian
Y = Yo +€pY1 given by equation (2.21). The idea is to find a coordinate transformation such
that the transformed Lagrangian will be gyro-symmetric to a higher order in €. Then, the
transformed Lagrangian is truncated at the chosen order, which yields an approximate La-
grangian with an exact gyro-symmetry. The existence of this symmetry implies that a reduced
description of the dynamics can be obtained, which despite the reduction in complexity still
is formally correct to a given order in €. The mathematical procedure is an application of the
Lie perturbation theory approach outlined in section 2.4.1.

Two basic formulae (equations (a) and (f))

Before beginning our order-by-order analysis, we establish the following equations for phase-
space functions a, = (81, B2, B3):

icd(adt) = [GX Va+Gwa—“+G“a“ 9% 4, (@)
ow o
and
icd(p-dX)= [ [GX x (VxB)]+ Gwaﬁ+cﬂ op f‘;’; -dXx
)
_x. 9B 4, _gx. 9P aﬁ x 96 4
G awdw G 6,ud'u a(d( G B

These formulae will be used multiple times in the following.

The derivation follows directly from the definition of the exterior derivative d and the inner
product ig. To see (a), we first note that d(adt) = da A dt and igd(adt) = (icda) A dt—da A
(icdt) = (igda) A dt, since G* = 0. Now,

6 oa

(iGda)/\dt:(iG X 6 —dw +—d +6_CdC+_dt Adt
oa i o oa oa oa
GX' + —GY+ =G+ —G + — dt,
axi” Tow” T T +ag!]
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implies (a). To see (B), we note that

d(B-dX)=dp; A dX’

=i gxindaxi+ Pl dwnaxi + ﬁ’d A dXx!
X/ ow
ﬁl i :Bl i
d{AdX' + de A dX'.
g dendXia G din
Taking the interior product of the individual terms with G, first yields
i ( OPi xi A Xm') 9bi (fcdx?) ndx’ - i 4xi (icax)
0X 0xJ 0xJ
= 9Pt ox gxi 9Pt oxt gy
- 0XJ 0xJ
= (% —%)G"f dx’.
0XJ oX!

Employing the vector identity GX x (Vx A)=(VA)-GX - GX-(VA), we find
zG(aﬂ’ dx/ A Xm) —[GX x (V x )] - dX.

Similarly, the w-components can be obtained from

(aﬁ’ 'Bl(zgd YA dXE - ﬁ’

6[31

dw AdX’) dW/\( dX’)

_0B;

—G¥dx’ -
C ow

dw.

The terms involving u,{ are obtained by substituting w — p,{. The temporal component is
found by substituting w — ¢ and noting that G' =0, i.e.

( oBi oBi .
ot

dea dX’)— X' dy.

Combining these expressions yields (). With («) and () at our disposal we now give a detailed
derivation of the guiding-centre transformation via an order-by-order analysis.

0"-order analysis

The lowest-order Lagrangian is already gyro-symmetric so that we can simply choose I'g =y
with gauge function Sg =0, so that

To=gA-dX — g@dr. (2.55)

Before proceeding to higher orders, we point out that the transformed Lagrangian is only
required up to closed forms. Since the transformation equations (2.48)-(2.52) are expressed in
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2.4. Derivation of guiding-centre transformation

terms of Lie derivatives % and since we have Cartan’s formula for differential forms
2(;)/ = iG dY+ d(i(;}/) ,

which expresses £ as a sum of a differential form i dy and a closed form d (igy), we can in
practice substitute Z;=icd [Lit82], which will simplify the following analysis considerably.

15t-order analysis

From equation (2.48), we find that the first-order transformed Lagrangian is given by I'y =
—ZG, Yo +71. A very detailed calculation of the first term on the right-hand side is now given.
First, we recall that £gyo=icdyo. Then, we apply (a) and (B) to find

A
i, dyo = ig, d(qA- dX) - i, d(q®dt) = [-Gf x (Vx A)]-dX + G- (_aa_t —ch) dr.

Recallingthat B=V x Aand E = —%—‘;‘ — V@, we can write this in the compact form
: _ X X
igdyo = —qlGX x B]- dX + qGX - Edt. (2.56)
From (2.59), (2.21) and (2.56), we find
1
Iy = [mW+mecy+qgGy x B]- dX - EmW2+mW-cl+,uB+qGX-E dt,

in the transformed coordinates (X, w, u,{). To arrive at this form, we have chosen S; = 0.
In these expressions, the terms involving ¢, are clearly dependent on {. To make the dX
components gyro-symmetric, we thus require that qu‘ x B =—mc, . We can clearly identify

C| x b
GX =
1,1 Q

- —po, (2.57)

as the negative Larmor radius vector pg, which we already found in the case of a homogeneous
B-field. The d¢ coefficient of I'} now contains the a priori gyro-angle dependent combination

Exb

mW-cL+qE~GjX:m u, +

+C].

uL~cL+E~(clx§)] =m

This term will be gyro-angle independent if the term in square brackets vanishes, i.e. provided
that

ExB
BZ

E +uxB=0 < u = (2.58)

We will henceforth assume u to satisfy (2.58). In contrast to [Mad10], we will allow for u;, # 0.
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With G{‘ | chosen according to (2.57) and assuming (2.58), we obtain
1 2
r=mw-dX- EmW +uB| dt. (2.59)

The other components GiXII' G{” , Gf and Gi are not determined at this order, so that knowledge
of the higher-order corrections in the guiding-centre coordinates require consideration of
higher-order contributions to I'.

2"4_order analysis
To the next order, we recall that by equation (2.51):

Ty =-%6,70— %xcl (y1+T1)+ dSs. (2.60)
From (2.56), we immediately find

~%6,70=qIG x B]- dX — qGJ - EdLt. (2.61)

Next, we note thaty; =Ty + mc, - dX—mW ¢, dt and 'y = mW - dX — [§mW? + uB] dt, so
that

1 1
-5%6 (y14T1)=—ig, d(mW-dX) - > G d(mcy - dX) (2.62)

1 1
+iG1d([§mW2+ﬂB+§mW'CJ_

dt). (2.63)

To compute the first term we use that W = u+ wb depends on X, w and t. Formula () implies
that

ow

dr. 2.64
3 (2.64)

i, d(W-dX) = [-GF x (Vx W) +G¥b]-dX - (b-GY) dw - Gf -
The computation of the term ig, d(c, - dX) is similar to (2.64), but one needs to take into
account that ¢, depends on X, u,(, ¢, instead of X, w, t. We find from (B):

2p

2
K 7Sdt, (2.65)

9 9
i, dic, - dX) = |-G x (Vx ¢1) + GH ot + L &2 AX-dg

1 6,[1 1 a(
The third term in (2.62) will only contribute to the d¢-component I'; ; and will be computed
at the end of this section. Combining equations (2.60)-(2.65), we conclude that the dw, du
and d{-components of I'; are given by
X 682 652 m 682

T =mb-G; +——, Ioy,=—, TIor=—u+—. 2.66
2w=m 1 dw 2, a'u 2,0 CIH oC ( )
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2.4. Derivation of guiding-centre transformation

To enforce gyro-symmetry of the transformed Lagrangian, we wish to ensure that I'y. = (I'y.) for
all components k = X, w, u,{, t. Furthermore, the gyrogauge function will be chosen so that its
gyro-average vanishes, (S;) = 0. Comparing with (2.66), we find that this is possible if Sy =0
andI;, =0,T2; = %p. We also choose b- Gf =0, sothatI's, =0and

GY =G, =-po, (2.67)

where G{‘ | is given by (2.57). The more difficult task is to remove the gyro-angle dependency
inT'» x and I'y ;. We will first consider I'; x, which will determine Gg‘ , and G{’. Then, we will
consider I'y ;.

To analyse I'y x, we first write
~GE x (Vx W) =—[(pox b)-(Vx W)b+[b-(Vx W)](po x b). (2.68)
It can be shown that

—G1 x(Vxc))= —R——[b (Vxb)b
q qa de, 5 (2.69)
——(a1 Vb)b - p(po VlogB)—u+(Po R) -

In this expression, the first line is gyro-angle independent, the second line is oscillatory. We
can now rewrite (2.64) and (2.65) as follows:

ig,d(W-dX) = [[b-(Vx W)](po x b) + (G}’ = (po x b)- (Vx W)) b] - dX

ow d (2.70)
+po-——dt.
Po T,
and
6, d(c - dX) = ;R dXx - ;( [b-(Vxb)]+a;:Vb|b-dX
2.71)
0 0 2
+ g L, g% ax - Har+ s,
o q q
where, similar to [Bri95, Mad10], we introduce the following convenient notation
g"=Gl'—pu(po-VlogB), (2.72)
g( = Gi +(po-R). (2.73)
Similarly, it will be convenient to use
ngGi"—gal:Vb—(poxb)-(VxW). 2.74)

Combining the expression for I'; (2.60), (2.61), (2.62) with the above (2.70) and (2.71), we
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obtain
Tox=-"HR m [g“’— b v b)]] b
q 2q

+

x 1 ) m( dc, (acL)
——[b-(VxW B-—|ght— —_—
q(Gz Q[ ( X )]p() X 2 8 O/J +g 6(

To make I'; x gyro-angle independent, we require that g% = 0 and we require the second
line to vanish. We remind the reader that for any physical quantity X, we denote by X the
gyro-angle oscillatory part,

X=X—(X), (X)= ifXd(.
27

Requiring that g% = 0 and that the second line in the above expression for I'; x vanish, yields

Elw:gaI;VberO-(bx(VxW)):ga1:Vb—wpo-1(+p0><[bX(qu)], (2.75)
and
1 1 aCL aCJ_
GX ==[b-(VxW —bx|gh=——=+g"—=]. 2.76
2,1 Q[ (V x )]Po+2Q x 18 Em g aC (2.76)
And we find
Tox=-—ER-m <g“’>—ﬂ[b-(va)1]b. 2.77)
q 2q

In addition, we need to consider the dz-component I', ;. To evaluate this component, we first
consider the third term in (2.62). Using (a), we find from formula (a)

1
iG, d( EmW2 +uB

1
dt) = [sz{‘.vwz +mGY(b- W)+ BG, + uG¥-VB| dt.

From (2.72) and (2.67), we can identify BG’; + ,uGiX - VB = Bg". We can furthermore show that
m _x 5 m
EGI VW =—-m(b-W)[(po x b)-(VxW)]+ E(CJ_ -W)[b-(VxW])—mpgy-(W-VW).
Thus,

1
iGld([EmW2+uB

dt) = [m(Gi”—(po x b) - (V x W)) (b-W)+BgH
(2.78)
m
—mPO'(W'VW)+E(CJ_'W)[I?'(VXW]) dt.
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Finally, we need to evaluate ig, d (W - ¢, df). Using () once more, we find

0

ow
i, d(W-c dp)= G{(-(VW)-CL+Gf”%-/cl/+GiX-(VCL)-W

6CJ_ (GCJ_
+GH=.w+G —= -w|dt.
1 ou 1 o¢ ]

having taken into account thatd,,W = b L ¢, to cancel one term. So that

1
iGld(EmW-cht) = %[G{('(VW)'CJ_JFG{"(VCJ_)'W

(2.79)
6CJ_ (aCJ_
+GY' == -W+G;—=-w|dt,
L ou 1 6¢ ]
The first two terms can be simplified using
2u (1
Gf(-(VW)-clz#(Eb-VxW+aI:VW)
2
—Epvxn-wy+Eb-vxu )+ vw,
q q q
and
0 0
GX Ve, W =—pu(po-ViogB) == - W + (po- R) = - W
ou o
) (2.80)
—[Eb-be+—ua1:Vb (b-W).
q q

We note a cancellation between the terms involving [b-V x b](b- W). Recalling the definitions
of gt, g(, g% (2.72)-(2.74), the last three terms in (2.80) can also be combined to obtain

1
iGld(—mW-cht) = [@[hw w )+ 2o vw - ZE G vbib- wy
2 24 q q
] S (2.81)
%( #&.W_‘_ (&.

ou T8 W)]dt’

Thus, combining (2.61), (2.70),(2.71), (2.78) and (2.81), the component I'; ; is found to be given
by

0 0
dey  c0cy

T, =-qGX-E+ 2 g W+ L, wyb-vxw)- g
2,t 2 0# a( Q L q

2

gﬂ

oW
+Bg“+r:—:b~(Vx uﬂ+mg,rw(b-wn%a1 :VW—mpO-(E+W-VW).

(2.82)
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Now we note that E = E| + O(eg), and E; = —W x B, so that
X _ X
—qGX .E=(—qGX x B)-W + O(ep). (2.83)

We thus find from (2.76)

der  m rocL
ou 2 o¢
=-m[b-(VxW)|(pgx b)- W+ O(ep)

m oc| oc|
qG; 2 g o g oC

X m
W =|-q(G) ><B)+?g“ -W + O(ep)

— _g[b.(Vx W)l(c. - W)+ O(ep).

This term will evidently cancel the third term in (2.82). Recalling also that g% = (g}, we
obtain

Ty = —%S+ ’:—:b.(w w) + mig’y(b- W)

mpy ow
+Bg“+731:VW—mp0' a—t+W-VW .

To eliminate the oscillatory contributions, we require

—~ u m ow
gu:—aal:VW+Ep0- E'FWVW . (2.84)

The component (g") will be determined at the next order. For now, we simply note that

m m
Fz,t=—7'u5+ Z—:b-(vx u)+m(g"¥y(b-W)+B(gh). (2.85)

3" order analysis

The general formula for the third-order transformed Lagrangian is given according to (2.52),
by
1, 1
I's= _$G3YO — $GZF1 + gfcl Y1+ 51"1 + dS3.

By (2.56), the third-order generating vector field will only contribute to the perpendicular
component of I'; x and to I's ;. The parallel component of I'; x will give an equation for GJ’.
Therefore, in the same way that the second-order Lagrangian allowed us to solve for Gg L and
G, the choice of the spatial component I'3 x will now determine G}’ and Ggf | - Since we will
neither require knowledge of G}’ nor of G?{f | in the following, we will not compute the spatial
component I'; x. Similarly, the dz-component could be used to determine (the gyro-angle
oscillatory part of) Gg . We will not require this component of G», either. Thus, it will suffice to

compute only the three components I's ,, I's , and I'3 ¢ in order to obtain three equations for

X

o and g(.

the unknowns (g"), G

Because we will not be interested in the dX, d¢ components, we introduce the following
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notation % for equality up to terms of the form (...)dX + (...)d¢. From (2.64), we thus find
~ L, T1=—ig,dl 2 mb-GF)dw. (2.86)
Let us also point out that for any phase-space function G, we have
¢, d(Gh- dX) = (i, dG) (b- dX) - (b-6XTdG % 0 2.87)
since (...)(b- dX) 2 by definition of .

More involved calculations are necessary to evaluate

1 2
326,

Y1+t %HJ = %féfl + é,?é] (mey-dX-—mW.c, dp).
From (2.70) and our observation (2.87), we obtain

L2 T12ig d(ic,dr1) Y i, d(g(b- (Vx Wey - dX).
From formula (8), and the fact that ¢; L GX, it follows that

%zélrl (é)— o b (V> W))—C GXd; = —%[b-(VxW)]d{. (2.88)

For the second term, we observe that
L2 (mey-dX - mW ¢, d) ¥ ig, d(ig, d (me, - dX)).

Using (2.71), the last term can be written — again not writing out terms that will contribute to
dt, only, or terms of the form ig, d((...)b- X) which vanish due to (2.87) -

) 2mu ocy ocy Zmu )
d|—=R-dXx H——= (—=|.dx d
IG, ( p +|mg o +mg o 4
The four contributing terms evaluate as follows
. 2mIJ (v)
ig,d|——R-dX| = —(po R)dy,
aCL v)
i, d H—. = -——ghd
iG, (mg o ) g ¢
. Ocy ) 2mu 0 (2mu 0 (2mu
G (mgac ) ( (+q o qg = ow qg w
2m
iG, ( il ) w ——[g“+u(p0 VlogB)| d{+— [g (Po- R)] du.
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Taking the sum and denoting s = 2:% g%, we find

1 2 0
28, mey - dX—mW -c.do) @ —ﬂg“—g(po-VB)—a—; ¢
q q (2.89)
+ ﬂ (_E dﬂ—ﬁdw
7% o ow

We note that s contributes to these components of I's in the form of a closed term ds, which
can be absorbed in the gyrogauge function S3. From (2.86), (2.88) and (2.89), we conclude that

083

Fg,wzm(b-G§)+%, (2.90)
Iy, =Mt 9% 2.91)
3, = — , .
g%  ou
m 2my mu 0Ss3
Iy =——gt——"{(po-VlogB)— —=[b- (Vx W)] + —. 2.92
3. g 34 (po-VlogB) qQ[ (VxW)l+ o (2.92)

For the component I's ; to vanish, we require
py M
4 >——5[b-(V>< W), (2.93)

and

0% _ M en 2K b VlogB)

Recalling (2.84), and observing that a; = 0¢az, po = —0;(po x b), we can integrate in { to find

mu m ow 2u )
Sy3=———a: VW + — |\—=—+W -VW-—VB]|. 2.94
3 qQaz +Q(pOXb)(6t+ 3m (2.94)

Note that the integration in ¢ is uniquely determined, provided (Ss) = 0. Having found an
explicit expression for S3, we can now compute g° from (2.91) as

1 q ow 2u
(= —ay: VW - —— b ~(—+W'VW+—VB). 2.95
7% 2u0 PP (5, 3m (2.95)
Similarly, we find from (2.90)
U 1 ob )
b-GX=La,:Vhb- = b)-|— +W-Vb+b-VW|. 2.96
2 qQaz Q(Po>< ) (at (2.96)

We have now completed our derivation of G; and Gg‘ . Returning to (2.85), and substituting

B(gH) = —%[b-(w W)l = —%[b-(w um—%[b-(w b)l(b-W),
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we find

Toi=-"Hs Ty 9w +mlg”y - Eb-vxb|b-w).
qa° 2q q

To simplify I', ;, we choose
") = 5”' (V x b).

So that, finally, the missing components of I', are found to be given by

1
Tox=-2E(R+>(b-(Vxb)b)|,
q 2

m m
To=-"E5-ZE1b. (v xuy)l.
q 2q

We recall that in the above derivation, we have imposed that

_ExB
=5

u

2.4.3 Collection of useful identities
With the notation as above, G{( = —po.

Since (p, b, 1)is right-handed:

o~

pxb=1, bx1=p, Lxp=h,

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

Using that they are mutually orthogonal unit vectors, we find from the decomposition vi=

(VI-p)ep+(VL1-b)®b that

Vi=Rep-(Vb-1)®b,
Vp=-Re1—(Vb-p)ab.

where R = Ve, - e, = V1 - p is the gyrogauge vector field. We also note that

-1

~

=—p.

2R

(2.103)
(2.104)

(2.105)

(2.106)
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Based on the fact that ¢; = /ZpB/mi = oni, we find

0
%:_onqub,
aCJ_ _ 1 c
o1 _2H 1,
1
Vcl:EVlogB®cL+R®Qp0—(Vb-cl)®b
aCJ_ aCJ_
=uVlogB® — —-R® — — (Vb- ® b.
pviog o aC ( c1)

Using the vector calculus identity A x (V x B) =VB-A— A-VB, it follows that

~GY x (Vxc)=pox (Vxcl)
=(Ver)-po—po-Veo

oc oc
= QpZR - u(po -VlogB)a—: +(po- R)—= + (po-Vb-c.)b.

o¢
Note that

, €12 2uB 2u
on == — = —,
Q mQ g

Furthermore, for any vector field A, we have

[\
=

po-VA-¢c.=—p-VA-1

= |

>
)

.VA- -VA-ﬁ]

+ Q=
Q= >
>

[p-VA-1+1.VA-p]

To simplify the last expression, we used the identity
p-VA-1-1.VA-p=e,-VA-e,—e;-VA-e,=V,A; -V, Ay,

and observe that (e;, e», b) is a right-handed orthonormal basis, so that
V24, -V Ay =—€IV;A; = -b-V x A.

We find

2
po-VA-cL:—g[b-(VxA)]—;ﬂal VA,

wherea; =1(po L+ Lep).
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We can now write
—Gf‘x(chL) ;'UR wipo- VlogB)—+( Po- R)—( (2.119)

2
il b (Vxb)+a:VA 2.120)

We can also decompose

~GEx(VxW)=1-{pox (Vx W)} L+b-{pox (VxW)}b
=L xpo)- (VxW)L+(bxpy)(VxW)h

to find

~GEx (Vx W) = [b-(Vx W)I(po x b) —[(po x b) - (Vx W)]b 2.121)

Another important equality will be the following:

ocy 2u
GF —==Qp3=". 2.122
1 a( Po q ( )
It follows that
d d
zGld(cl-dX)z[—GfX(chL)+G” acl +Gt ac; -dx
0
K dc,
SO GXdu- 2k 6Xdr- 26Xy
o
d a 2 2
[ GEx(Vxe)+G' ot 1 8 2L | ax - Far+ Esar.
ou a¢ q q

2.5 Summary

In this chapter, a detailed discussion of the Lagrangian formulation of guiding-centre theory
in a rotating plasma has been given. After a short review of the historical development of
guiding-centre theory, the guiding-centre Lagrangian has been presented in a suitable set of
guiding-centre coordinates. As pointed out in the introduction to this chapter, the approach
to guiding-centre theory followed in the present work focuses on (gyro-)symmetry as the core
mechanism by which a reduction in complexity can be achieved. This is in contrast to an
alternative approach based on gyro-averaging of the equations. While the two approaches
can be used to derive guiding-centre equations of motion which are formally equivalent, up
to higher-order correction terms in €p, the main advantage of the Lagrangian approach is
the additional preservation of the underlying physical structure encoded in the Lagrangian
formulation. In particular, using the present Lagrangian approach, if quantities such as the
energy and toroidal momentum are conserved by the particle motion, then the corresponding
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guiding-centre motion will also ensure exact conservation of these quantities. Such an exact
conservation of physical constants of motion in the reduced description is especially important
for numerical simulations over long time-scales, and is difficult to achieve when the equations
of motion are derived by gyroaveraging. A full derivation of the guiding-centre Lagrangian
including centrifugal effects in a time-varying background is given, following an order-by-order
expansion in Larmor radius eg. Throughout, a particular emphasis is given on the meaning
of the guiding-centre coordinates and their relation to the physical particle coordinates. The
guiding-centre equations and the higher-order Larmor radius corrections derived in the
present chapter form the basis of the original results presented in chapters 3 and 4. Chapter 3
focuses on the possible implications of higher-order e corrections which are conventionally
neglected in the context of slowing-down simulation of neutral beam injection in a MAST-
like equilibrium, in the absence of strong background rotation (u = 0). It will be seen that
the neglect of higher-order corrections for the magnetic moment p and the parallel guiding-
centre velocity w corresponds to a neglect of a guiding-centre drift parallel to the field lines,
the so-called Banos drift. This often overlooked drift motion along the field lines, induced
by magnetic field line shear, is shown to affect the expected resonances of particles with
external magnetic perturbations, as well as the estimated NBI driven current in a MAST-like
equilibrium by up to 8% [LPGC17]. In chapter 4, higher-order corrections, such as the higher-
order displacement p; (2.36) (which expresses a deviation of the particles Larmor motion
from a circular motion due to gradients in the background fields), will be shown to give rise
to off-diagonal components of the pressure tensor corresponding to a given distribution
of guiding-centres. Several errors in the available expressions for the required higher-order
corrections in the literature [Mad10, appendix] have been uncovered in the process of the
detailed derivation given in the present chapter. While these errors do not affect the results
in the main text of [Mad10], they prove crucial for the correct derivation of the gyroviscous
pressure components in chapter 4. Based on the results of the present chapter, first-order
(gyroviscous) corrections to the pressure tensor will be evaluated from guiding-centre theory
without any simplifying assumptions on the background geometry, for the first time. This
derivation will form one of the main ingredients to show the consistency of the kinetic-MHD
model presented in chapter 4 [LGPC19].
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3.1 Introduction

Much effort has recently been expended on calculating realistic, consistent fast ion distribu-
tions in present and future devices [AGB*15,SKSS10,PMA* 04,PMCG15,BGC03]. Some research
focuses on special ion orbits that may hit sensitive plasma-facing components [SKSS10], other
efforts attempt to estimate driven currents and pressure gradients associated with fast ions,
which ultimately affect plasma equilibria [BGC03, PMA™04]. Most numerical studies involv-
ing fast particles apply low-order guiding-centre equations to track their orbits and evolve
their distribution function. There exist numerous papers on the derivation and theoretical
discussion of higher-order guiding-centre equations (see e.g. [Lit83, Bri95, CB09, BSQ13] and
references therein). But in the context of guiding-centre simulations, higher-order effects seem
to be largely ignored.

The consideration of guiding-centre equations at one order higher in Larmor radius than
is conventionally done is motivated by the findings of previous work [PGC15]. There, it was
shown from a simple example that the Bafios drift, a drift parallel to the field lines induced by
the magnetic field line twist 7 = b-V x b = [l j;/ B (where fij is the vacuum permeability) is
not correctly accounted for using the conventional guiding-centre expressions. To correctly
account for the Bafios drift, we derive a set of higher-order guiding-centre equations, similar to
Littlejohn [Lit83] but following the formulation of Brizard [Bri95] and Cary and Brizard [CB09].
We then show that these higher-order guiding-centre equations of motion can actually be
used in orbit-following codes instead of solving the more costly full-orbit equations. The code
VENUS-LEVIS [PCGM14] has indeed been upgraded in the publication [LPGC17] (which forms
the basis of the present chapter) to include these higher-order guiding-centre equations and is
applied to revisit three cases involving energetic ions: 1) neutral beam injection in a MAST-like
low aspect-ratio spherical equilibrium where the fast ion driven current is significantly larger
with respect to previous calculations [PGC*14] because of the large Banos drift due to the
combination of large equilibrium currents, low magnetic field strength and comparatively high
injection energies, 2) fast ion losses due to resonant magnetic perturbations in a MAST-like
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Chapter 3. Application of higher-order guiding-centre corrections to full- f calculation

equilibrium where a lower lost fraction and a better confinement than previous calculations
[PMCGI15] is confirmed, 3) alpha particles in the ripple field of the European DEMO [PCFG16,
LPGC17] where the effect is found to be marginal.

Fast ion distributions obtained via neutral beam heating are naturally anisotropic in pressure,
and exhibit strong gradients in velocity parallel to the field lines. Higher-order parallel dynam-
ics, such as the parallel Bafios drift, dismissed by Hazeltine and Meiss [HMO03, p.136, ch.4.2] as
having no known application, can become important for studies in the exotic properties and
consequences of auxiliary generated fast ion populations. Denoting E the particle energy, I,
the plasma current and By the magnetic field strength, the Bafios drift scales as ~ VEI p! Bg.
The higher-order corrections considered are expected to be important at high particle energies,
large plasma current and/or small magnetic field strength. To our knowledge, the implications
of higher-order corrections for guiding-centre following codes and the modelling of energetic
ion source distribution functions has not been discussed before.

Higher-order corrections to the guiding-centre’s magnetic moment and toroidal momentum
have previously been considered to compute consistent hybrid kinetic-MHD equilibria by
Belova et al. [BGC03] with neutral beam injection (NBI). The focus of their work was to
find appropriate variables to be used in the modelled energetic ion equilibrium distribution
function [BGCO03, equations (15)-(17)] in order to include kinetic effects in the computed
MHD equilibrium. Their fast ion distribution functions were however not computed based on
guiding-centre slowing-down simulations that would be consistent with such higher-order
corrections in the equations of motion. Instead, their results are obtained with an ad hoc
analytic expression resembling a slowing-down distribution, expressed as a function of the
corrected (adiabatic) invariants. Their ad hoc distribution contains free parameters that are
tuned to match typical NSTX parameters as well as the profiles of the beam ion density
calculated by the TRANSP code. To compare the conservation properties of guiding-centre
invariants expanded at various orders in Larmor radius, Belova et al. [BGC03] employed full-
orbit following with the HYM code (see e.g. [BJJ*00]). From their work, they concluded that
good conservation of the guiding-centre invariants could only be achieved via the inclusion of
higher-order terms [BGCO03, sec. III.A, II1.B]. A second important question addressed by Belova
et al. [BGCO03] was to correctly evaluate the fast ion contribution to the current density, when
the spatial gradient length scale of the slowing-down distribution is small compared to the
Larmor radius [BGCO03, sec. IV]. They found that strong gradients in the final slowing-down
NBI distribution impacted the fast ion driven current (evaluated after the NBI slowing-down
distribution has been computed). In the present work, the corrections provided in the context
of NBI modelling are complementary to the work of Belova et al. in the sense that the focus
here is on higher-order corrections related to strong velocity gradients from NBI deposition
and on the question of correctly initialising the position and velocity variables of guiding-
centre tracers. From a computational point of view, the present work therefore applies the
results of chapter 2 to address how to initialize guiding-centre distributions for slowing-down
simulations and what equations to solve in order to obtain consistent saturated distribution
functions, while the work by Belova et al. [BGC03] discusses the properties of the saturated
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solution in terms of the corrected invariants.

The work is organised as follows. In section 3.2, we summarise some elements of modern
guiding-centre theory and explain our choice of guiding-centre variables as implemented in
the code. To this end, we will recall several results from chapter 2, in the appropriate limit. It
will be argued that the form of the Lagrangian derived in chapter 2 (see also Brizard [Bri95])
may have practical advantages over the original (equivalent) expression by Littlejohn [Lit83].
In section 3.3, the higher-order corrections are investigated numerically. In section 3.4, higher-
order guiding-centre equations are applied in slowing-down simulations of NBI in a MAST-
like equilibrium and a-particles in DEMO. Higher-order corrections are found to lead to
an increase of the fast ion driven current by up to 8% for NBI in the MAST-like equilibrium
[LPGC17]. When applying resonant magnetic perturbations (RMP), these corrections are seen
to affect the lost fraction of NBI ions. Better confinement is found for co-current injection
in a MAST-like equilibrium as compared to previous calculations. The impact on fusion a-
particle losses in DEMO is found to be marginal. Section 3.5 is dedicated to a discussion on
the surprising fact that the Bafios drift finds an application in current drive corrections for
parallel anisotropic distributions. Conclusive remarks are reserved for recitation in section 3.6.

3.2 Guiding-centre theory

3.2.1 Introduction

The Lagrangian formulation of guiding-centre theory as outlined in chapter 2 (see [Lit83,
Bri95, CB09]) is based on the removal of the gyroangle dependence of the particle phase-space
Lagrangian

Lonys = (€87 1gA i— 2 mu?
ohys = (€87 ¢ +mv)-x—zmv, 3.1)

by the use of a near-identity phase-space transformation. We shall assume a time-independent
background equilibrium without electric field throughout this current chapter. The more
general formulation, considered in chapter 2, with strong flows will be used in chapter 4,
below. We recall that following the Lie perturbation procedure explained in chapter 2, one
introduces the expansion parameter €g ~ p/Lp < 1, with the Larmor radius p ~ mv/gB, and
characteristic scale-length Lz ~ B|VB|~!. Employing the right-handed orthonormal frame
ey, e», b with b = B/ B, the gyroangle {; (in the absence of background flow u == 0) is defined
through (cp. (2.25))

v =v;b(x) — vy (sin({p) e (x) + cos({p)ex(x)). (3.2)

In the context of this perturbative treatment, it is convenient to introduce physical particle
coordinates Zy = (x, vy}, o, o), with o the lowest-order expression for the magnetic moment
Uo = —mvi/ B(x). The Lie transformation method provides a framework for the asymptotic
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removal of the gyroangle-dependence in (3.1), moving gyroangle-dependent terms to higher
order in ep. As explained in Section 2.4.1, the method results in a phase-space transformation

Te: (x, v, po, o) — (X, U, u, () 3.3)

from physical particle variables to guiding-centre variables Zg. = (X, U, y1,{). The Lagrangian
Zphys expressed in these guiding-centre variables, and neglecting terms of order O(e?) and
higher, is given by (cp. (2.26) in the limit u = 0)

L =qA* X +egmul gl - H, (3.4)
where the symplectic part of the Lagrangian A* is given by

A* =eg 'AX) + m/qUb(X) —egmu/ g°R(X) + O(eg>), (3.5)
and the Hamiltonian is

H=%m¢%pmm+0@ﬁy (3.6)

Note that in contrast to chapter 2, where the parallel guiding-centre velocity was denoted
by w measured in a frame relative to the background velocity u#, we denote the parallel
guiding-centre velocity in this chapter by U, thinking of it as the guiding-centre velocity
in a Eulerian frame unrelated to possible macroscopic background flows. The vector field
R=R+ % (b-V x b)b is expressed in terms of the gyrogauge vector field R = (Ve;)-e» (2.29) (first
introduced by Littlejohn [Lit83,Lit88]) and the magnetic field line twist T = (b-V x b) [CB09]. We
emphasize that with the present choice of guiding-centre coordinates, terms at order e in the
Hamiltonian vanish. A detailed discussion of different choices of guiding-centre coordinates
as well as an algorithm for their calculation to arbitrary order can be found in [BSQ13]. It
turns out that the formulation considered in the present work is particularly advantageous for
numerical simulation, as explained in the next section.

3.2.2 Equations of motion

The equations of motion have been derived from the Euler-Lagrange equations % ( (f; ) = gg,
in chapter 2, eq. (2.31). As shown in section 2.3.2, assuming time-invariant background fields,
they are conveniently expressed in terms of B* =V x A* and E* = —-VH/gq. Setting Z* =X
and Z% = U, one obtains
. B* E*xb . e B*-E*
X=U—+——, U=———
By B m B

) (3.7)
with BIT = b- B*. The Euler-Lagrange equations corresponding to Z* = ( yields g = 0. For
Z% = p, we obtain { = Q+ R(X) - X, where Q = ¢B(X)/m is the gyrofrequency evaluated at the

guiding-centre position. The lower-order correction term R(X) - X accounts for any rotation
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along the guiding-centre trajectory of the frame ey, e», b which is used to define {. It guarantees
that the resulting guiding-centre dynamics is independent of the particular choice of e}, ez, a
property called gyrogauge-invariance [Lit88, Lit84].

3.2.3 Choice of guiding-centre variables

The form of the higher-order guiding-centre Lagrangian is not unique and depends on the
choice of guiding-centre variables Zg.. The choice used to arrive at (3.4) differs from the one
made in the original work by Littlejohn [Lit83]. In particular, the different choices between
chapter 2 (cp. also [CB09]) and [Lit83] can be tracked down to equation (2.98). Littlejohn’s
Lagrangian is obtained by setting the gyroaverage (g{’) = (u/2q)b-V x b, whereas the form
considered in the present work corresponds to the choice (g{’) = (u/q)b-V x b. Therefore, the
higher-order guiding-centre Lagrangian should not be viewed in isolation of the associated
guiding-centre phase-space transformation.

The relevant relation between full-Lorentzian and guiding-centre variables for the present
work, neglecting terms of order O(e%) and higher, is expressed in terms of the first-order
generating vector field G; (2.37)-(2.40) (see also [CB09, eq. (5.41)]). Formally, the relation is
given by Zg. = Z ' +epGY, which yields (see (2.33) and (2.37)-(2.40))

X = x-po (3.8)
U = y+uo/q@:Vb+1)—1)po-K, (3.9)

mu;
B = Hot+po: MonOgBJrTK

—MO%(31:Vb+T), (3.10)

2

dpo mu

= (o-po-R+—=—-|VlogB+——

¢ Co—pPo o ( og 2108

V||

—a»:Vb. 3.11
+Qaz (3.11)

These expressions involve dyadic tensors aj, a2, which are defined (cp. (2.23) in chapter 2) in
terms of the rotating (right-handed) orthonormal frame (b, _T_, P), given by (cp. (2.22))

1 =—sin()e; —cos()ey, (3.12)
p =cos({)e; —sin(()ey, (3.13)

and pg = pop = —b x mv/qB is the usual expression for the Larmor vector. We remind the
read that the dyadic tensors (cp. (2.23) in chapter 2) are given by

1

alz—E(ﬁI+Iﬁ), a=-(11-pp).

Ll
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The terms also involve the field line curvature x = b - Vb, the field strength gradient VB and
the magnetic field line twist 1 = b -V x b.

The appearance of terms involving

1 -
a1:Vbz—E(ﬁ~Vb-J_+J_-Vb-ﬁ) (3.14)

may be more intuitively understood when considering the projection of the perpendicular
particle velocity component v, onto b(X), which is one of the contributions to the parallel
guiding-centre velocity

U:b(X)-X:b(X)-v—b(X)-p. (3.15)
We obtain

b(X)-v. =v,b(X)-L(X+po)
=v b(X) (LX) +(po-V)Lly)
=(mvi/qB)b-(p-V1)
~-2ulq(p-Vb-1), (3.16)

and we observe that

~ 1 ~ o~
—ﬁ-Vb-J_:—E(ﬁ-Vb-J_+J_-Vb-ﬁ)

1 o o~
—E(ﬁ'VbJ_—J_-Vb-ﬁ)
1
=a ZVb—ET. (3.17)

Calculation of b(X) - p to the required order would involve a higher-order correction to p =
x—X =po+epp1+..., see [Brigs, appendix] for details. According to eq. (3.17), the appearance
ofa; in (3.9) and (3.10) is a direct consequence of the distinction b(X) # b(x), a first-order finite
Larmor radius effect. More explicit expressions for these corrections in a simple background
field may be found in appendix A.

In a conventional guiding-centre treatment as used in most guiding-centre following codes,
the additional first order correction terms in equations (3.4), (3.8), (3.9), (3.10), (3.11) are
neglected, relying instead on the leading order relations

X = x-po (3.18)

U = yy=v-bx), (3.19)
_ _mvj (3.20)

b= =B '
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And the conventional guiding-centre Lagrangian

Lo=(es ' qA+mUDb)-X — Hy+ Olep), 3.21)

1
Hy = 5mU2 + uB(X) + O(ep). (3.22)

is considered on reduced phase-space (X, U, u), with y = const. treated as a parameter. The
conventional Lagrangian (3.21) is correct to order O(1). Additional O(ep) terms in the La-
grangian are then neglected.

3.2.4 Guiding-centre push-forward

To consistently include all first-order effects in numerical guiding-centre following, guiding-
centres have to be initialized correctly according to a given physical distribution function
f- This requires the relation between full-Lorentzian distributions and guiding-centre dis-
tributions to be established including terms at order O(ep). Assuming f = f(x, v, ) with
polVlog f| ~ eg, expanding to first order in gradient length scale, the guiding-centre distribu-
tion Fg is found to be given by

0 0 (3.23)
_ngvu _f EfGité + O(ch,eip,eBef).

dlog f

£ T ‘ has been introduced. While ep is

q
related to spatial gradients of the background equilibrium, € y measures the effect of velocity

space gradients of the particle distribution. The parameter € f depends both on the equilibrium
(via the magnetic twist 1) as well as the anisotropy of the distribution function. For a fusion

Where an additional expansion parameter € ~

a-particle birth distribution considered in section 3.4.5, we would e.g. have € <€, while for
the NBI case considered in section 3.4.1, it is found that ¢ f>E€B.

For a correct initialization of guiding-centre markers, the first order phase-space density
d3xd3v is also required in guiding-centre coordinates. As explained in [CB09, p.720], the
Jacobian of the phase-space transformation (x,v) — (X, U, u,{) (3.8)-(3.11) is given by ¢ =
m~' B in terms of B} = b- B*. Thus

d*xd*v=m"'Bd*xdv duodlo (3.24)

=m 'B d*XdUdpdl. (3.25)

One can arrive at the same result by consideration of the canonical phase-space volume
element as computed from the Lagrangian (3.4) [CB09, equation (3.43)].

Neglecting first-order corrections associated to the magnetic field line twist, we find BlT =B
and no distinction needs to be made between the particle and guiding-centre volume elements.
Figure 3.1 shows a comparison between approximations to BlT at different orders in e¢p for a
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(7]

0.4 0.6 0.8 1 1.2 1.4
R [m]

Figure 3.1 - BIT for a H* ion at energy E = 10keV, parallel pitch A = 0.5. Shown are approx-
imations expanded at different orders in ep for the axisymmetric MAST-like equilibrium
considered in section 3.4.1, along the midplane (Z = 0).

H* hydrogen ion guiding-centre with E = 10keV and parallel pitch A = 0.5 for the MAST-like
equilibrium of section 3.4.1. The first order term associated with the magnetic field line twist t
is found to make a noticeable difference, while the second-order term related to R makes only
anegligible (< 1% throughout the domain) contribution to B} in this case.

3.2.5 Discussion

As pointed out in [CB09, eq. (3.48) and discussion], O(eg) corrections to the Hamiltonian
H lead to O(ep) drifts, while O(ep) corrections to the symplectic part A* (3.5) only lead to
additional O(eg?) drifts in the equations of motion. Owing to this observation, the form of
the higher-order Hamiltonian H in equation (3.6) is preferable for a numerical treatment
over the choice considered in [Lit83]. Indeed, the observation implies that guiding-centre
simulations including all drift corrections at O(ep) (perpendicular and parallel to the field
lines) can actually be achieved based on the expression for the conventional guiding-centre
Lagrangian (i.e. neglecting the R-term in A*). Any drift terms that are neglected are then seen
to be of order O(ep?) or higher. To consistently include the O(ep) drift-correction parallel to
the field lines, higher-order terms in the correspondence between guiding-centre and physical
particle variables must however be retained.

To provide a concrete example where the above observation applies, we consider the problem
of evaluating the NBI driven current. As discussed e.g. in [Spi52, QTRL00], there are two
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contributions to the physical current density j = jgc + jmag + O(eg?), where

Jee=4q f XFy d®v, (3.26)
Jmag = €8V x ( f — b Fg d%) . (3.27)

In these expressions, Fgc denotes the guiding-centre distribution. To obtain jg including all
corrections at O(eg), we need to take into account guiding-centre drifts at O(eg) perpendicular
and parallel to the field lines. Perpendicular to the field lines, these drifts are accounted for
when relying on the conventional Lagrangian. Parallel to the field lines, the inclusion of the
relevant corrections relies on the correct definition of the parallel guiding-centre velocity U
according to (3.9).

It is important to note that the higher-order terms in (3.9), (3.10) do not gyroaverage to zero.
Gyroaveraging (3.9) (...) = 5= § d{ ..., yields

U:(v||)+eBST+O(eBZ) (3.28)

where 7(x) = b-V x b is the field-line twist. Equation (3.28) shows that there is a difference
between the gyroaverage of the local parallel particle velocity v} and the parallel guiding-
centre velocity U = b(X) - X. The difference between the two is the Bafos drift parallel to the
field lines, which is induced by the magnetic field line twist [Ban67] (see (A.4) and surround-
ing discussion). In general, this drift correction therefore would be expected to give a finite
contribution to the guiding-centre current jg. at O(ep).

As will be seen below, the computation of a slowing-down distribution for NBI represents
a special case, because the source distribution is given in physical coordinates, while the
slowing-down distribution is to be computed in guiding-centre coordinates. The use of a
consistent pushforward operation is thus required to obtain the correct source distribution
in guiding-centre coordinates. This is in contrast to e.g. the computation of the distribution
for ion cyclotron resonance heating (ICRH) or ion cyclotron current drive (ICCD) where
particles are heated from a thermal background distribution that is usually expressed a priori
as a function of the guiding-centre constants of motion. In the latter case, the push-forward
relation (3.23) is not needed for the correct guiding-centre initialization. In particular, the
Bafios drift is then already implicitly included in the parallel guiding-centre velocity and will
not appear explicitly. In a similar way, the Bafios drift would be implicitly accounted for in
extensions of guiding-centre theory such as gyrokinetics, if the guiding-centre Lagrangian and
coordinates considered in the present work are used. Our discussion of higher-order effects in
section 3.4.1 focuses on higher-order corrections related to strong anisotropy in the source
distribution and does not apply in cases that do not involve the push-forward operation.

To make contact with the approach to drift-kinetic theory based on direct gyroaveraging of the
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Chapter 3. Application of higher-order guiding-centre corrections to full- f calculation

Vlasov equation, as discussed in detail in [HMO03], we also consider the gyroaverage of (3.10)
U
(= (,u())—EB%T+O(€BZ). (3.29)

Combining this expression with du/dt = 0 yields at leading order

dipto) _ 1(uU 2
ar _eBdt Q 7|+ O(eg”) (3.30)
U
:egUub-V(51)+O(632). (3.31)

This expression recovers the corresponding result obtained in [HMO03, eq. (4.69)], under the
assumption of a time-independent background field. We note that the O(eg)-term on the right-
hand side of (3.30) appears to be subsequently neglected in [HMO03, eq. (4.44) and discussion]
to arrive at a simpler form of the gyro-averaged Vlasov equation. In contrast, the approach
based on Lie perturbation theory discussed in the current chapter retains a simple form of the
Vlasov equation while accounting for the variation in (). This is achieved by employing y
instead of (uo) as a guiding-centre variable. Neglect of the right hand side of (3.30) as proposed
in [HMO03] is only justified under additional assumptions on either the ordering of the parallel
current jj < T = b-V x b (cp. eq. (3.43) below), or on the distribution of guiding-centres
(approximate isotropy). Neither of these assumptions hold for the case of NBI in a MAST-like
equilibrium, which is studied in section 3.4.1 below.

In accordance with [PGC15], we conclude that relying on the leading order terms in the
definition of the guiding-centre variables results in a neglect of the Bafios drift. In appendix A,
it is shown how the results of [Pfel5, PGC15], which have been derived by direct inspection
of the full particle dynamics, are recovered by Lie perturbation methods to first order in €g.
The discussion of appendix A will be based on the Lagrangian (3.21) and relations (3.8)—(3.11),
which as already indicated, lead to guiding-centre treatment neglecting only drift terms of
order O(eg?).

3.2.6 Practical implications

For numerical applications, an increase in computational speed can only be achieved if the
short time-scales of the gyromotion do not have to be resolved, thereby allowing the use of a
much larger timestep. In practice, simulations are carried out on the reduced phase-space
(X, U, w), with u treated as a parameter. As the mapping (x, v) — (X, U, u) is no longer invert-
ible, this implies a loss of information. This is a trade-off we are willing to make for an increase
in computational speed. Since the push-forward relation (3.23) might in general contain gy-
roangle dependent information, we proceed to eliminate this information by gyroaveraging.
Using the relations (cp. [BH07, equation (B13)])

(Po) =0, (G,"y =/ g7, (G} = —py 710, (3.32)
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y [m] y [m]

Figure 3.2 — Physical particles sharing the same guiding-centre are initialized according to
conventional (left) and higher-order (right) expressions (initialization near y = z = 0). Dots
indicate snapshots of the position of these markers at several fixed points in time during their
evolution. The lack of first-order corrections in the parallel velocity at the initialization of
full Lorentzian markers (left) causes distortions, as well as an average lag behind the guiding-
centre (missing Bafios drift correction).

assuming f = f(x, v, 1) and defining the gyro-averaged part of the distribution function
F(«:ch) = <Fgc(zgc)> ={(f(Zo) = (f(zgc» —€f<G1 . deng) + 0(632,62), we obtain
0 0
F:f_EfET(_f — U” _f

A +0 2, 2, . 3.33
q 0U|| Qa,u/q) (€5 €f €B€f) ( )

In a conventional leading order guiding-centre treatment, the first order contributions involv-
ing 7 = b-V x b would be neglected.

For numerical applications, it is convenient to express these relations in terms of (x, A, E)

and (X, A, Eg.), where A = v)/v and A = U/v2E/m denote the particle and guiding-centre
1

parallel pitch variables, respectively. We evaluate the particle energy E = 5

terms of the guiding-centre coordinates Zg, given by (3.8)-(3.11):

mus + poB(x) in

Ege(Zy) = E(Zo) = E(Zgo) —€8Gy | 7, + O(es”). (3.34)

Thanks to the convenient cancellation in the energy component Gf of the generating vector
field [CB09]:

OE 0E
G{EEGTHO_UH_FG?@jL(;f.vxE:(), (3.35)

we obtain Egc = E + O(eg%) = $mU? + uB(X) + O(eg?). No distinction therefore needs to be
made between the particle energy and the energy of its associated guiding-centre, to first order
ine B-
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The phase-space density in terms of the variables (x, A, E) and (X, A, E) is expressed as

2E
Exdiv =/ —3 d*xdA dEdE, (3.36)

B*
/2L X dAdEd. (3.37)
m° B

In terms of the coordinates (X, A, E), we obtain the following expression for the numerical
distribution function
pr of

F=f-er———| +0(p?c%, ) 3.38
f f quony le (€5°,€%,€BEF) (3.38)

The terms on the right-hand side are evaluated at the guiding-centre coordinates, e.g.

[=F&E, A g X, E—Ege 1y — 10 (3.39)

a clear distinction is made between A}, and A at the order considered. Neglect of the correction
term in (3.38) is questionable unless we may assume an additional ordering e << E€B. This is
manifestly not the case for NBI in a MAST-like equilibrium, though the correction would clearly
be zero for a fusion a-particle birth distribution. A comparison between models including
and neglecting corrections related to € ¢ for NBI in a MAST-like equilibrium is given in section
3.4.1.

3.3 Single particle dynamics

The theory described in the last section has been implemented in the guiding-centre follow-
ing code VENUS-LEVIS [PCGM14]. This includes a consistent full-Lorentz/guiding-centre
switching taking into account higher-order corrections, as well as higher-order guiding-centre
dynamics obtained from the higher-order Lagrangian (3.4). Numerical investigations of the
effect of higher-order corrections will be presented in this section.

An algorithm for switching between full-Lorentzian and guiding-centre following based on
leading-order relations, as well as a field variation estimator have been presented in [PGC15].
In the present work, the switching algorithm is refined by inclusion of higher-order corrections.

The meaning of the higher-order terms in (3.8)-(3.11) are illustrated in eq. (3.9). We identify
two sets of terms

U:v\|+gal:Vb—v||p0-1(+%b-be. (3.40)

N /N J
—~ —~

()] n

The terms (I) are gyroangle-dependent and gyroaverage to zero. These terms account for
the variations of the parallel particle velocity on the gyration time scale; they carry out a
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Figure 3.3 — Poloidal projection of representative guiding-centre orbits initialized at different
energies and evolved using higher-order equations of motion (‘high’) and conventional equa-
tions of motion (‘low’). The difference between the curves ‘high’ and ‘low’ are due to the O(e 5%
drifts, which arise from the additional term —egmu/g?R in the higher-order Lagrangian (3.4).

gyroaverage of vy, so that vy + (I) = (v} + O(ep?) is invariant on the gyromotion time-scale.
The term (II) on the other hand is a drift term that varies on the slower time-scale of guiding-
centre motion. The difference between v}, (v}, and U in a purely sheared background is
clearly visible in figure A.2 of appendix A. Note that the term (I) serves to generalize that of
(A.4) for more general magnetic fields.

In figure 3.2, we show the evolution of full Lorentzian particles initialized to correspond to
the same guiding-centre. Compared are the results obtained from initialization based on
the conventional relations (3.18)-(3.20) and the higher-order relations (3.8)—(3.11). It is ob-
served that the conventional leading-order expressions quickly lead to distortions from the
full-Lorentz/guiding-centre correspondence. The difference is due to the lack of first-order
corrections in the conventional relations, and in particular the neglect of corrections in the cor-
respondence of particle and guiding-centre parallel velocities (eq. (3.40)). The consequences
of the inclusion of such correction terms for models of NBI injection will be discussed in
section 3.4.1, a detailed analytical derivation in a simple background field is presented in
appendix A.

To investigate the effect of the additional higher-order terms in (3.4), scans in energy of char-
acteristic orbit quantities have been performed in a MAST-like equilibrium. A representative
guiding-centre was initialized at a fixed initial position pr = 0.55, 8 = 0 in the poloidal plane
(here p7 = /®y, where ®y = normalized toroidal flux), and the parallel pitch was fixed at
A =—0.4. The energy was varied from 10keV to 116keV. These energies can be compared with
the NBI model considered in section 3.4.1, where guiding-centres are injected at a maximal
energy Ey = 56keV. The results from conventional guiding-centre equations (neglecting the
higher-order terms related to R in (3.4)) and the higher-order equations are compared in figure
3.3.
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Figure 3.4 — Energy dependence (E = 10keVto E = 120keV) of characteristic orbit quantities ob-
tained from higher-order (‘high’) and conventional (‘low’) guiding-centre equations of motion.
Shown are the bounce-averaged toroidal drift precession (¢) (left) and the bounce-averaged
value of the normalized poloidal flux (¥ ) = (¥)/Wegge along the orbit. The difference be-
tween the curves ‘high’ and ‘low’ are due to the O(e 52) drifts, which arise from the additional
R-term in the higher-order Lagrangian (3.4).

The additional higher-order corrections in A* scale as eg ~ vV E as compared to the next
lower-order terms. As expected, the results obtained from the conventional and higher-order
guiding-centre Lagrangian agree to good accuracy in the limit of low energies, but differ as the
energy is increased. Going even further up in energy, the correction terms have been observed
to locally dominate at energies E > 130keV, indicating that the guiding-centre approximation
completely breaks down at such high energies in a MAST-like equilibrium. For this reason,
the poloidal projections of orbits in figure 3.3 are restricted to a maximum energy of 116keV.
Shown in figure 3.4 are results for the toroidal drift precession () and the average (normalized)
poloidal flux value (¥ n), with ¥y =¥/ Wedge-

The results of figures 3.3 and 3.4 indicate that only at very high energies with associated large
Larmor radii and when approaching the limits of the guiding-centre approximation, should
one see appreciable differences in the guiding-centre dynamics expanded at different orders.

3.4 Application to slowing-down simulations

In 3.4.1, we discuss the implications of higher-order terms for the modeling of NBI injection in
a MAST-like equilibrium. In sections 3.4.2 and 3.4.3, we compare results obtained with the in-
clusion of higher-order correction (3.23) to the results obtained from a conventional approach.
In section 3.4.5, slowing-down simulations based on the higher-order equations presented in
section 3.2 are applied to the computation of fusion a-particle loss in the European DEMO
design, and compared to results obtained from conventional guiding-centre equations.
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3.4.1 Corrections for strong anisotropy (NBI)

The focus of this section is on the implications of the higher-order corrections for models
of NBI. The deposition distribution of NBI ions in MAST is strongly anisotropic, so that the
first-order correction in equation (3.38) is non-zero. Furthermore, NBI is usually focused in
the core region, where the magnetic field-line twist 7 = b-V x b is maximal. Therefore, the
€ p-term in (3.38) is not expected to be negligible in this case. Focusing on the effects of strong
anisotropy, we shall assume the ordering € ¢ > €p in this section. In a first approximation, we
will neglect the corrections associated to the R-term in (3.4), and only retain the correction
associated with € ¢. A more formal justification for the ordering may be given by considering

Olog f . ‘6logf
oA o |

UBaios
v

e~ (3.41)

The relation between €p and ¢ is therefore uniquely determined by the scale length of the
distribution in the parallel pitch A;. In this section, we consider the limit of strong anisotropy,
expecting the corrections to the source distribution which are induced by the push-forward
to dominate higher-order corrections. Figure 3.5 shows the general shape of the NBI source
distributions obtained in MAST, which indicates that we may expect a value of this scale length
of around AA = 0.3 - 0.5. Hence, we expect €  ~ 2¢p to 3¢g. We acknowledge that higher-order
drift terms in the guiding-centre dynamics may give additional corrections in the case of MAST
by e.g. slightly altering the toroidal drift precession as shown in figure 3.4, which may in turn
e.g. influence the resonant interaction with field perturbations and hence the induced losses.
The detailed investigation of such effects has been found to be associated with numerical
difficulties due to the coordinate singularity near the axis in the case of MAST, and is left for
future work.

The simplified NBI model used in VENUS-LEVIS was described in detail in [Alb11]. This
model accounts for ion deposition computed based on ionisation rates depending on the
plasma background profiles and takes into account beam spread. Markers are distributed
uniformly along the beamline and given a weight proportional to the ionisation rate. The
beam spread is accounted for by the introduction of a random Gaussian displacement. The
position, energy and the parallel component of the velocity along the field line v = b(x) - v
are used to initialize the guiding-centre marker at ionization. Finite Larmor radius corrections,
in particular the Bafios drift correction to v)| (expressed by the first order term in (3.23)), were
previously not taken into account in [Alb11]. While there are NBI models which take into
account more detailed information on beam geometry [PMA* 04, AGB* 15], and even finite
Larmor radius effects associated to the pg correction, the corrections due to the higher-order
effects considered in the present work have, to the best of our knowledge, not been discussed
before.

The finite Larmor-radius corrections considered in this section are expressed by the gyroaver-
aged push-forward (3.38). We consider two models. The first model (A) employs the simplified
VENUS-LEVIS NBI model where F(X, U, E) = (f(X, U, E,{)) neglects the Bafios drift correction.
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Figure 3.5 — Deposition rate of NBI markers in terms of parallel guiding-centre pitch variable
A. A comparison is made between the conventional model and the model including the Bafios
drift correction to the parallel guiding-centre velocity (3.23).

The second model (B) on the other hand includes this parallel correction. The simulations
were set up as follows: an ensemble of markers with variables X, A, E was initialized accord-
ing to the physical distribution provided by the model in VENUS-LEVIS. This furnished the
NBI deposition distribution for model (A). To obtain the source distribution for (B), the same
distribution was taken, but the relation A = A+ vp4n0s/ v was used to initialize guiding-centres
including the Bafos drift correction. This corresponds to a marker initialization in accordance
with the gyro-averaged push-forward relation (3.38). Additional complications with a possible
gyroangle dependence of the physical source distribution are here neglected. As a result,
the markers of models (A) and (B) are deposited identically in the poloidal plane, as well as
toroidally. The only difference is the missing Bafios correction of model (A), which is taken into
account in model (B). This allows us to isolate and quantify effects related to the consistent
inclusion of parallel drifts, independently of other finite Larmor-radius (FLR) corrections,
associated to e.g. pg or the gyroangle dependent terms in (3.9). The source distributions for
models (A) and (B) as a function of parallel guiding-centre pitch A are depicted in figure 3.5
for the unbalanced NBI beam application of MAST that is considered in the next subsection.
All slowing-down simulations are performed until a steady state is reached, so that the NBI
source is balanced by the fast particle sinks. The sinks of our fast ion model are given by
losses to the last closed flux surface (LCFS), as well as thermalization with the background. A
guiding-centre is considered thermalized, and removed from the simulation, if its energy falls
below a constant multiple of the background thermal energy. As in earlier studies [PMCG15], a
thermalization threshold factor of 3 is chosen for all simulations.
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Figure 3.6 — Profiles determining the MAST-like equilibrium considered in this section.
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Figure 3.7 — Comparison of current profiles as computed from the slowing-down simulation
for the NBI injection models considered in this section for a MAST-like equilibrium (bifurcated
state).

3.4.2 Unbalanced NBI in MAST

Slowing-down simulations have been performed for models (A) and (B), and for a MAST-like
equilibrium with non-monotonic g-profile and gmin very close to 1 (cp. fig. 3.6). The MAST
magnetic equilibrium was modelled with the fixed boundary VMEC code. This equilibrium
bifurcates into two sister sates; an axisymmetric equilibrium and a helical core sister state,
modelling a saturated internal kink [CGP*10]. We choose first to compare the models for
the axisymmetric branch. NBI markers are injected at energies Ey, Ey/2, Ey/3 with Ey =
56keV. To compare models (A) and (B) the NBI current density associated to the slowed-down
distribution is computed and shown in figure 3.7a. The inclusion of the FLR correction related
to the Bafios drift is found to yield an increase of = 4% to the computed NBI driven current
from models (B) as compared to (A) after slowing-down, reflecting the shift in the source
distribution seen in figure 3.5.

Models (A) and (B) have similarly been compared for the helical branch with helical displace-
ment & = 0.23 [CGP*10,PGC15]. Again, inclusion of the Bafios drift correction has been found
to lead to an increased NBI-driven current in model (B) as compared to (A). In this case, the
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(b) Radial component of RMP field 6B, = 6B -
Vy/|Vy| on the LCFS.

(a) Geometry of RMP caoils.

Figure 3.8 — Model of RMP perturbation coils in MAST (5.6kA). The colors in (a) indicate the
direction of current in the coils, corresponding to the sign of the normal component of the
magnetic perturbation (6 B, > 0 (red), 6 B, < 0 (blue), no current in coil (black)).

difference between the computed currents after slowing-down is found to be higher by = 8%,
when comparing (B) to (A). The resulting current density profiles are compared in figure 3.7b.
It is observed that the largest difference in the current profiles occur in the high-current region
near the axis.

3.4.3 Unbalanced NBI losses due to RMP

We consider the axisymmetric branch of the equilibrium of the last section, but in addition,
add RMP in the vacuum approximation (neglecting the plasma response). The assumed RMP
coil configuration has a n = 3 symmetry, with 0°-phase [Pfel5, PMCG15], as shown in figs.
3.8a and 3.8b. The RMP coil currents are set to 5.6kA. Again, we compare two models for NBI
with and without inclusion of the Bafios drift. In the case of RMP, we expect the shift in the
deposition distribution in A, which reflects the inclusion of the Bafios drift, to affect the overall
particle losses, which are due to resonances with the magnetic field perturbations [PMCG15].
As deeply passing particles are less affected by such perturbations, we would expect the Bafios
drift visible in figure 3.5, to increase NBI particle confinement, i.e. to reduce the fast ion heat
flux to the LCFS. The results of slowing-down simulations for the two models are shown in
figure 3.9. The saturation of the total computed heat flux over the simulation time is shown
in figure 3.9a, the toroidal distribution of the heat flux is shown in 3.9b, where we take into
account the n = 3 symmetry of the applied perturbation, and show only the heat flux for
¢ € [0,27/3]. The results of these simulations agree qualitatively with the expected results. At a
neutral beam injected power of 1500kW, the total heat fluxes computed with inclusion of the
Barios drift are 138.8kW as compared to 148.2kW without this drift. The inclusion of the Bafios
drift is thus seen to reduce the expected losses by 6.3% in the present case. The inclusion of
the Banos drift is therefore seen to affect the expected resonant behaviour of ions with MHD

76



3.4. Application to slowing-down simulations

T
——w/o Banos

// ----- .
9.5¢ i 40+ ——w/ Banos ||

9 g - 35f

85 1 8 30f
2
=

8 = 25

3
] ]
(]
=

7.5 /

lost/injected power [%]

7 15,
~e==W/0 Banos

6.5 1 10+
—e—w/ Banos

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0 0.5 1 1.5 2
simulation time [s] o [rad]
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over simulation time. of toroidal variable ¢.

Figure 3.9 — Comparison of predicted NBI heat fluxes through the LCFS computed in presence
of RMP. Compared are two NBI models, one neglecting and one including the Bafios drift
correction in the initialisation of guiding-centre distributions. For the loss distribution in ¢
the results are plotted for ¢ € [0, 27/3], taking into account the n = 3 symmetry of the resonant
magnetic field perturbations. Subfigure (a) shows the temporal evolution of the lost / injected
power over the simulation. A steady state is reached after about 0.06 s. Subfigure (b) shows the
local heat flux at steady state as a function of toroidal angle ¢. The solid lines show the heat
fluxes obtained for the two considered models in presence of RMP. For comparison, the pale
lines correspond to a simulation in the absence of RMP, i.e. axisymmetric background.

perturbations.

3.4.4 Balanced NBI with RMP

The previous applications demonstrate that the Bafios drift correction can be non-negligible
for unbalanced NBI in a MAST-like equilibrium. To show that the corrections discussed in
the present work may also have implications for balanced NBI, we consider a (hypothetical)
balanced NBI model for the axisymmetric MAST-like equilibrium. This model is obtained
by doubling the number of beam lines in comparison to the unbalanced model, adding the
mirror image of each beam-line with respect to the vertical plane running parallel to the
beam-line, and containing the R = Z = 0 axis. Again, models (A) and (B) are obtained in
the same way as before, with model (B) accounting for the Bafios drift correction. The same
external magnetic (RMP) perturbations are applied (see figure 3.9). Figure 3.10 collects results
from this simulation. For this application, the deposition depicted in figure 3.10a replaces the
unbalanced deposition shown in fig. 3.5. It is seen that the balanced model without Bafios
drift correction has a distribution symmetric in A. This symmetry is broken by the Bafios drift
correction (3.23). Overall, the losses for both models are clearly dominated by the injection
with A > 0, due to the well-known finite orbit-width effects. The Bafios drift (FLR) correction
leads to improved confinement for A < 0, while it increases the losses for A > 0 (cp. figure 3.10b).
For a NBI power of 1500 kW, the losses for model (B) with inclusion of the Bafios drift are found
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to be 585.0kW, as compared to 559.8 kW for model (A). This corresponds to an increase of 4.6%.
The saturated currents are shown in figure 3.10c. The fast ion current is of course weak for
balanced neutral beam injection. The Bafios drift is found to lead to a relative increase of more
than 28% over the weak but finite current obtained for balanced injection without Bafios drift.
It is noted that although the current is weak for balanced injection, the distribution function is
nevertheless distorted for the Bafios case. One may expect such modifications to be important
for pressure driven MHD instabilities, where e.g. it has been mentioned in chapter 1 that such
modes are modified by weak corrections to the equilibrium.

3.4.5 Fusion a particle loss in DEMO

We investigate the sufficiency of the conventional guiding-centre equations for the current
European DEMO design, focusing in particular on toroidal field ripple induced losses. The
study is based on an 18 toroidal field coil design. A detailed description of the equilibrium used
for this study, as well as a discussion of the expected toroidal field ripple in DEMO, can be found
in [PCFG16] and [WAA™ 17]. For our slowing-down simulations, the (axisymmetric) background
is computed using the free-boundary version of the VMEC equilibrium code in realistic
coil geometry. The ripple field perturbation is computed in the vacuum approximation and
algebraically added to the axisymmetric background (termed “2D+vacuum” approximation
in [PCFG16]).

The physical fusion a birth distribution density is assumed isotropic, i.e. of the form f = f(x, E).
As derived in (3.23), the corresponding guiding-center distribution F is then functionally the
same F(X, E) = f(X, E) to first order in Larmor radius (3.23), which is to say that ¢ r=0in
this case. The higher-order corrections considered in this section are given by (3.36) and the
R-term in (3.5). Note that the anisotropic push-forward corrections of the last section are not
relevant for this application, due to the intrinsic isotropy of the alpha distribution (see earlier
discussion).

As discussed in [Pfel5, sec. 4.7.2] the correct inclusion of the guiding-centre Jacobian (3.36)
can be represented by a weight proportional to Bl’l‘. A marker weight « Bl’l‘ has already been
employed in earlier studies using the VENUS-LEVIS code, where the correct factor was found
by inspection of the canonical volume element associated to (3.21). Therefore, even though
the consistent switching based on Lie transform methods was not available previously, the
results presented in [PCFG16] are consistent with the higher-order relations (3.8)-(3.11). In
the following, we consider the possible effect of higher (O(e3?)) order drifts arising from the
R-terms in equation (3.5). To this end, two slowing-down simulations have been performed
first neglecting higher-order drifts (simulation B, based on (3.21)) and then including higher-
order drifts (simulation C, based on (3.4)) for identical birth distributions. The results of these
simulations are shown in table 3.1. In addition, we also evaluated the losses obtained when
neglecting the higher-order correction in the marker weights (simulation A, based on (3.21)),
i.e. under the approximation B‘T =~ B.
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Figure 3.10 — Comparison of models including/neglecting the Banos drift correction (3.23) fZ)?
(hypothetical) balanced NBI in a MAST-like equilibrium, in the presence of RMP.
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Prcrs Prcrs/Prys AP/Pp)

(A) | 736+6kW | 0.1223% | 0.11+0.96 %
B) | 7366 kW | 0.1222% 0.0+0.84 %
C | 762+7kW | 0.1255% | 3.65+0.84 %

Table 3.1 — Comparison of computed total heat flux to LCFS, as predicted by guiding-centre
approximation at different orders in ep for fusion a-particles in DEMO. (A) was based on
Lagrangian %), marker weights w o« B, (B) based on Lagrangian %, marker weight w o
Bﬁ‘, (C) based on Lagrangian £, weight w Bl’l‘. Shown are the heat fluxes to the LCFS
after saturation. The uncertainty in these values is estimated as the standard deviation after
saturation of the fluctuations about the mean value (numerical/Monte-Carlo noise).

Due to the large machine size and strong B-field, no essential differences were observed when
comparing the higher-order and conventional guiding-centre models for the case of fusion a
particles in the European DEMO design. Differences are within other modelling uncertainties
as discussed in detail in [PCFG16]. It is interesting to note that, for these simulations, the
difference between simulations (A) and (B), which is due to the neglect of first-order terms
in BIT’
in the addition of second order drift terms. This can be explained in part by the fact that

is in fact smaller than the difference in simulations (C) and (B), which formally differ

a-particle losses in DEMO occur dominantly close to the last closed flux surface (LCFS) on the
outboard side, where b-V x b = [lg j;/ B = 0. Therefore, we have B = B to high accuracy for
almost all guiding-centres that are lost to the LCFS. The difference between simulations (B)
and (C) on the other hand is to be attributed to second-order drifts. These drifts are non-zero
(though still essentially negligible) even close to LCFS, as indicated by the finite value of the
O(ep)-correction (~ —utb,/ q) to Py on the LCFS.

3.5 Discussion

In this section, the importance of the push-forward operation is discussed and summarized
for cases where source distributions are anisotropic. In particular, auxiliary heating systems
such as NBI give rise to highly anisotropic energetic particle populations (cp. figure 3.5). For
such distributions, the first-order correction term in the push-forward (3.23) is finite due to
the non-trivial dependence of the distribution function on the parallel particle pitch 4, and
can become non-negligible due to the particles’ large Larmor radii.

The neglect of the correction term of equation (3.23) is expected to lead to an error

egwm O(eg?) (3.42)

Aj~

in the estimated current density (cp. the difference between the current profiles in figure 3.7).
This error evidently only vanishes if the distribution function is isotropic. Furthermore, Aj is
expected to be biggest in the region with highest field-line twist 7, usually near the magnetic
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axis (cp. also with eq. (3.43)). Formally, we have Aj ~ ¢pj, in agreement with the size of the
correction to the current profiles visible in figure 3.7.

In the case of the estimation of NBI losses due to RMP, the correction to the guiding-centre
distribution given by eq. (3.23), is seen to predict an decreased fraction of trapped particles
and, as a consequence, lower particle losses are obtained. This effect clearly depends on the
sign of the equilibrium parallel current, since from Ampere’s law:

{0 jil,eq = flob - jeq=b-V x B = BT, (3.43)

where iy denotes the vacuum permeability. The hat serves to distinguish fi from the magnetic
moment at particle position g introduced earlier. Equation (3.38) may now equivalently be
written as

L. 0
sz‘ﬂO]ll,eq K of

— ], 3.44
qB all” E ( )

with F the guiding-centre distribution function, f the physical particle distribution function,
fip the vacuum permeability, j eq the parallel component of the equilibrium current density,
U= mvi/ B the magnetic moment and g the charge of the species under consideration.
Equation (3.44) reflects the gyroaveraged relation

. . u
U= b(X) -X= (l}H) +HOJH'eq6]_B' (3.45)

Equation (3.45) indicates that in the case of co-current injection, the Bafios drift correction
expresses a shift of the NBI guiding-centre distribution towards the deeply passing region,
which yields a reduction of losses. For counter-current injection, the Bafios drift causes a shift
towards the barely passing or trapped regions of phase-space, which tends to enhance losses.
It is emphasized that the Bafios drift correction is purely a finite-Larmor radius effect, which is
not to be confused with finite orbit width effects which affect losses and similarly depend on
co-/counter-current injection.

3.6 Summary and conclusions

Guiding-centre equations based on the Lie transformation approach, including a switching
algorithm consistent with the near-identity transformation to O(ez?) and retaining higher-
order drift terms have been implemented in the VENUS-LEVIS code for the first time. The
resulting higher-order guiding-centre model has been compared with the conventional model
used in most guiding-centre following codes.

Higher-order corrections, in particular the first-order Bafios drift parallel to the field lines
expressed by the push-forward relation (3.23), have been discussed in detail. It has been
shown that first-order drift parallel to the field lines can be accounted for even when relying
on the conventional guiding-centre Lagrangian. This necessitates an appropriate choice of
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guiding-centre variables and the inclusion of higher-order corrections in the relation between
particle and guiding-centre, distinguishing between the physical particle parallel velocity and
that of its associated guiding-centre. It has been shown that these corrections can affect the
expected resonances of particles with RMDP, as well as the estimated NBI driven current in a
MAST-like equilibrium by up to 8%.

Additional higher-order drift terms arising from the higher-order correction to the symplectic
part of the Lagrangian (3.5) have have been considered in combination with 3D effects for
the study of toroidal field ripple induced losses in the European DEMO design. A clear need
for the inclusion of such terms has not been found. Our results suggest that conventional
guiding-centre following is sufficient for the purpose of estimating ripple induced fast ion
losses in DEMO. The difference between conventional and higher-order models has been
found to be within other modelling uncertainties. In general, the fast ion heat load due to
toroidal field ripple has been found to be of minor concern for the European DEMO design,
with a value well below the expected wall-load limit [WAA*17].

Guiding-centre simulations including all drift terms at order e can only be assured if higher-
order corrections in the full-Lorentz/guiding-centre correspondence are implemented either
at the single-particle level, as expressed by equations (3.8)-(3.11), or at the level of distribution
functions, given by the push-forward operation (3.38), (3.36), which is directly derived from
(3.8)-(3.11). Higher-order corrections to the Lagrangian (3.21) are however not necessary when
drift terms of O(e3?) and higher can be neglected, as explained in section 3.2.2. The relevance
of corrections in the push-forward correspondence between full-Lorentz/guiding-centre has
been discussed in detail for models of neutral beam injection in a MAST-like equilibrium.
Existing guiding-centre codes should benefit from the improved accuracy and consistency
provided by the inclusion of the higher-order order corrections discussed in the present work.
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Kinetic-MHD

4.1 Introduction

Plasmas of relevance to fusion research operate at high temperatures and low collisionality.
The conditions found in such plasmas clearly place them outside the domain of validity of
fluid models such as ideal magnetohydrodynamics (MHD), which are derived based on an
assumption of high collisionality. Despite this fact, MHD has proven to be an indispensable
and robust tool for the analysis of experiments and remains one of the main sources of
understanding of macroscopic instabilities. This ‘unreasonable effectiveness’ of MHD even
at high temperatures and corresponding long mean-free path lengths of ions, is commonly
understood to arise as a consequence of the presence of a strong magnetic field; Perpendicular
to the field lines, a fluid description may be justified, because the short mean-free path that
is found in collisional regimes (allowing fluid closure in MHD) is effectively replaced by the
small Larmor radius of particles even at low collisionality. However, parallel to the field lines
the particles are free-streaming in strongly magnetized near-collisionless plasmas and kinetic
effects such as resonant wave-particle interaction can become important.

The study of collisionless, strongly magnetized plasmas was pioneered by Chew, Goldberger
and Low [CGL56]. In [CGL56], an attempt was made to derive fluid equations based on an
expansion in the parameter €g ~ p;/L <« 1, where the Larmor radius of ions p; is assumed to
be small relative to the characteristic length scales of the (macroscopic) plasma motion. As
aresult of the asymptotic expansion of moments of the Vlasov equation in €p, it was found
that the leading-order form of the pressure tensor is no longer isotropic, but instead is given
in the so-called Chew-Goldberger-Low (CGL) form P = p; bb + p, (I — bb). Here b is the unit
vector pointing along the magnetic field, and p)|, p1 denote the parallel and perpendicular
pressure components, respectively. The derivation in [CGL56] does not lead to a closed set
of fluid equations because the equations which determine pj, p, depend on heat fluxes
which are not provided by the model. If these heat fluxes are simply neglected, the CGL double
adiabatic fluid model is obtained, according to which the evolution of p; and p, is determined
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by [CGL56]:
d B? d
4 (pL) -9, 2 (p—l) -0. 4.1)
dr\ p3 dt\pB

Here, d/dt=0/0t+ u-V is the total time derivative with u the fluid velocity, B the magnetic
field strength and p denotes the mass density. The derivation of Chew, Goldberger and Low
was restricted to lowest order in the eg-expansion. It was subsequently recognized that finite
Larmor-radius (FLR) effects can exert a stabilizing influence on plasmas. Such FLR effects are
reflected by higher-order e g-corrections to the pressure tensor and independent of collisional-
ity. Among the early papers on this subject, Roberts and Taylor [RT62] have pointed out the
importance of the additional (higher-order in €3) components of the pressure tensor which
persist in the limit of vanishing collisionality and are closely related to diamagnetic flows.
These components form a tensor 7 , that is commonly referred to as the gyroviscous tensor. It
was shown that the inclusion of the resulting gyroviscous force F, = —V -7, in the momentum
equation leads to a gyroviscous cancellation, where F, approximately cancels out the effect
of diamagnetic flows in the fluid inertia. A number of authors have subsequently extended
the initial results of [RT62] to include additional effects, such as temperature variations and
stress tensor drift [CC92], temperature gradients and higher-order moments of the distribution
function [Smo098], or the combined effects of collisions and FLR corrections [Kau60, MT71].
Most of these results are obtained in simple slab geometry — a discussion of the assumptions
required for the validity of this approximation has for example been given by Hazeltine and
Meiss [HM85, Section 4.3.3]. In complex geometry, an expression for the gyroviscous pressure
tensor has first been obtained under the fast flow ordering 6/6¢ ~ u-V ~ vy, / L by MacMa-
hon [Mac65], whose result remains the state-of-the-art in collisionless fluid theory under these
assumptions. The findings of [Mac65] have recently been confirmed by Ramos [Ram05a], who
presents a comprehensive discussion of fluid models for collisionless plasmas including alter-
native orderings. In a later publication [RamO05b], an explicit expression for the gyroviscous
force F, in complex geometry is also provided.

While the fluid moment approach provides useful information on extended fluid effects
(diamagnetic flows, heat fluxes, higher-order moments), it does not provide a closed set of
equations describing the dynamics of collisionless plasmas, except under very particular
circumstances which are not usually found [CGL56]. In general, some form of ad hoc closure
remains necessary.

The present chapter is based on the publication [LGPC19]. Following [LGPC19], this chapter
focuses on an approach where a closure can be achieved from the solution of a reduced
kinetic (guiding-centre or gyrokinetic) equation, taking into account both FLR as well as other
kinetic corrections. Our approach shares some similarity with the one recently adapted by
several authors in gyrokinetic theory [Bri92, Bel01]. In the gyrokinetic approach, a dynamical
reduction is first employed to transform the Vlasov equation to suitable gyro-centre coordi-
nates, thereby eliminating the fast time-scales associated with gyro-motion. The gyrokinetic
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reduction allows FLR effects to be retained under the ordering k, p; ~ 1, where the Larmor
radius of ions is allowed to be of the same order of magnitude as the characteristic length scale
of the perturbations. This comes at the expense of limiting consideration to small amplitude
fluctuations of the electromagnetic fields about a long-wavelength background equilibrium.

The gyrokinetic derivation of reduced fluid equations including FLR corrections has first been
proposed by Brizard [Bri92]. In [Bri92], a set of gyrofluid equations has been obtained in
gyrocentre coordinates and then transformed to physical particle space. Using this method,
gyroviscous cancellations are automatically accounted for and extensions to arbitrary order
in k) p; can be systematically carried out. Building on these ideas, an expression for the non-
linear gyroviscous force has subsequently been obtained by Belova [Bel01]. The results of
[Bel01] are in agreement with the fluid results [Smo98], but are only established for electrostatic
perturbations and in slab geometry. To the knowledge of the authors, no derivation of FLR
corrections to the pressure tensor is available in the existing literature from a reduced kinetic
description and in complex geometry.

The present work fills this gap by giving a detailed derivation of the collisionless gyroviscous
tensor in complex geometry. In contrast to [Bri92, Bel01], we will follow the guiding-centre
approach which allows for arbitrary amplitude perturbations, while requiring k, p; <« 1. Strong
flows are allowed for and full electromagnetic perturbations are retained. In this way, a guiding-
centre kinetic-MHD model for strong flows including diamagnetic (FLR) effects is obtained.
The pressure coupling approach is followed; closure of the momentum equation is achieved
by expressing the pressure moment in terms of the solution of the guiding-centre equations. It
is shown that the higher-order corrections to the Larmor motion that describe the deviation
of a particle trajectory from circular motion around the magnetic field play a crucial role in
determining the off-diagonal components of the pressure tensor. Our derivation naturally
leads to a consistent hybrid kinetic-MHD description of collisionless plasmas in which the
exact fluid equations are closed by approximate pressure moments obtained from the solution
of areduced kinetic equation. The proposed model accounts for kinetic effects such as Landau
damping, includes an exact treatment of finite orbit-width effects and allows the investigation
of strong flows and diamagnetic effects based on the consistent framework of guiding-centre
theory. Special consideration is given to the kinetic-MHD equilibrium, and a set of equations
suitable for the study of linear dynamics within the proposed model is derived. In particular,
the model equations derived here generalise the results of Porcelli [PSK94] and Antonsen,
Lee [Ant82] to include centrifugal effects, and FLR corrections in the fluid contributions to the
plasma inertia.

The kinetic-MHD approach taken in the present chapter should be contrasted with gyroki-
netic [CZ16], gyrofluid [Sco07] and two-fluid approaches [LL10], that have previously been
used to investigate diamagnetic effects. Gyrofluid models are based on taking moments of the
gyrokinetic equation, and therefore both gyrokinetic and gyrofluid models intrinsically rely
on a splitting between background fields and small-scale fluctuations. Instead, we follow a
more classical kinetic-MHD approach which does not require such a splitting. Our approach
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is instead restricted to the study of macroscopic, long-wavelength perturbations. Further-
more, our objective is not the derivation of a self-consistent set of fluid equations including
FLR corrections for the study of small-scale turbulence. Rather, our goal is to discuss how
several important, missing kinetic effects can be added to fluid descriptions of macroscopic
instabilities. In particular, the present work concerns the interplay between the fluid and
guiding-centre descriptions of plasmas, and shows how they can be combined in a consistent
framework.

The present approach may more naturally be viewed as being complementary to a (two-)fluid
approach, such as is for example implemented in the XTOR-2F code [LL08, LL10]. Where
instead of employing an ad hoc fluid closure, a kinetic closure is achieved, thus taking into
account kinetic effects such as wave-particle resonances. As mentioned at the beginning of
this introduction, a kinetic closure for the pressure is required at weak collisionality. Our work
presents a model including both fluid effects and a reduced kinetic equation. It is explicitly
shown that the kinetic description is consistent with two-fluid effects such as diamagnetic
drifts. Our equations do however not form a superset of the two-fluid model employed by
XTOR-2E In particular, collisions and related diffusive processes are not included in our
collisionless kinetic description. Nevertheless, we do give attention to quasi-neutrality, and
corrections to the parallel electric field, which some kinetic-fluid codes and treatments sim-

plify.

This chapter is organized as follows. In section 4.2, a set of guiding-centre equations is de-
veloped in a local frame moving with a time-dependent background flow u(x, t). Important
higher-order corrections due to gradients of the background flow are considered in detail in
section 4.3.1. Before advancing to the general calculation of the pressure tensor including
gyroviscous corrections, the discussion of section 4.3.1 focuses on a special case in simple
geometry; this provides an intuitive picture of the meaning and origin of the gyroviscous
stresses, and clearly relates them to deviations of particle trajectories from circular motion.
Section 4.3.2 then presents our derivation of the general form of the gyroviscous pressure
tensor from guiding-centre theory, making use of the results presented in chapter 2. The
derivation is shown to recover MacMahon’s results [Mac65]. The full set of non-linear kinetic-
MHD equations is discussed in Section 4.4.1. The kinetic-MHD equilibrium is considered
in section 4.4.2. Equations suitable for the computation of the linear kinetic response are
derived in section 4.4.3. Combining the results of the current work, a linear kinetic-MHD
model is finally obtained by extending the Frieman-Rotenberg equation [FR60] to include
the kinetic equations of section 4.4.5. An argument for the efficiency of the kinetic-MHD
pressure closure as opposed to an alternative purely kinetic approach based on current closure
is given in Section 4.4.4, where we point out that the present kinetic-MHD approach appears
to require only O(ep) corrections to the guiding-centre equations to be retained, whereas
a fully kinetic approach would require O(ep?) corrections to be considered. Further details
on the calculations of the gyroviscous pressure components as well as several mathematical
identities that may be of interest in other contexts are provided in the appendix.
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4.2 Guiding-centre equations in co-moving frame

For the derivation of the FLR corrections to the pressure tensor, it will be useful to utilize a
set of guiding-centre equations based on the velocity variable decomposition v = u(x, t) + w
as developed in chapter 2, where u is the (leading-order in €p) fluid velocity and w can be
viewed as a thermal fluctuation. It is interesting to emphasize at this point that the gyroviscous
corrections to the pressure are analogous in their origin to the guiding-centre polarization
corrections to the density moment and magnetization corrections to the velocity moment, re-
spectively. Therefore, the subtle distinction between the higher-order displacement expressed
in guiding-centre Zg versus physical particle coordinates Zpp,y, which has previously been
pointed out and discussed in detail by Brizard [Bril0] for the non-rotating (# = 0) case, is
important also in the present context. Even though the important distinction occurs in a
second-order (¢p?) term when expressing the particle position x in terms of the guiding-centre
position X (in guiding-centre variables) in the form (cp. the first equation of (2.34) in chapter
2)

x=X+eppo+ep’p1+0(es®), 4.2)

the second-order correction p; will play an important role in calculating the correct first-order
ep-correction to the pressure tensor. This perhaps perplexing fact can be understood as follows:
The pressure moment is written in terms of the physical particle velocity v = x = X+po+p1+....
While the higher-order guiding-centre displacement p; is ordered at O(e?), the velocity
associated with the second-order displacement is p; = Q0;p1. Because the gyrofrequency

1

Q ~ep™" is a formally large term, it causes the velocity contribution due to p; to be of order

ep relative to X ~ O(1); therefore, indicating the ordering in ez we find that

x:X+p0+eBp1+O(eBz)

=W +ep Vg + po +epp1 + Oleg?),

and epp; is of the same order of magnitude as the guiding-centre VB- and x-drifts contained
in ep Vg (defined in (4.8), below), and therefore needs to be retained when evaluating the
particle velocity including O(eg)-corrections.

A detailed derivation of the equations has been presented in chapter 2. In the current section,
we will summarize the main results which are of relevance for the computation of the pressure.
We use the guiding-centre coordinates (X, w, i,{), of which X, u and { are summarized in
section 2.3.2, and we recall that we retain the leading-order parallel flow component of u,
so that u = u; + ug. We will choose u;; in a way that is suitable for the given application.
Correspondingly, in our formulation the parallel velocity variable w is chosen so that Xj, =
(X, 1)+ wb(X, t). The guiding-centre Lagrangian to the relevant order (neglecting O(e 5%
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corrections in (2.26)) is here written

ZL=[qA+mW]-dX+Jd{- Hdt

1, (4.3)
H=q®+ S mW? + B,

with W = wb(X, 1) + u(X, t) the leading-order guiding-centre velocity and J = % u the gy-
roangle action. The phase-space transformation corresponding to this form of the guiding-
centre Lagrangian is generated by the phase-space vector field G = G; + €5G; according to

ch = Zghy +epGY + €g® (Gg‘ + %Gl . dG‘l"). Following (2.53), the inverse transformation ex-

pressed in guiding-centre coordinates is given by

Z‘a

1
phy:Zg“C—EBGf‘—egz(Gg—EGl-de’). (4.4)

As pointed out above, for the purposes of the present work, the second-order correction to
the spatial component of the guiding-centre transformation is required. Comparing (4.2) and
(4.4), we can identify x = X +eppo + eszl, where (recall equations (2.57) and (2.36))

PO = _Gic» (4~5)

1
p1=-G} +_ G- dGy. (4.6)

As in chapter 2, we fix a perpendicular frame e; (X, t), e2(X, f) consisting of unit vectors such
that e}, e;, b form a right-handed orthonormal basis at each point. We recall from (2.37) that
the leading-order displacement is given in terms of the gyroangle-dependent unit vector p as

_ 2
PO(X,H»(,I)— mB(X,t)p(X,(,t)’ (47)

with p = cos({)e; —sin({)e,. The leading order velocity is then along
1(X,(,0=0;p =-sin)e (X, 1) - cos(()ex(X, ).

By (2.36), the higher-order displacement can be written
1 x 1
p1=—(8u0u+8:0;) po— 5(b'v xW)po— |Gy + EPO'Vb'Po b.
where (cp. (2.72), (2.73))

8u= Gf — upo-VlogB,
g( = Gi +Po 'R,

with R = (Vey) - e>. Explicit expressions for the components g, g; are given by (B.5),(B.6) in
appendix B. Correcting an error in [Mad10], the parallel component Gﬁ(u is found to be given by
(2.42). The guiding-centre equations of motion are obtained from variations of the Lagrangian

88



4.3. Pressure in guiding-centre coordinates
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Figure 4.1 — Assumed slab geometry.

(4.3). For the computation of the pressure, the following explicit expressions will be used (see
also (2.32) in chapter 2)

X =W +epVg +O(eg?),
Ve pxvp+ 25 [2sw.v|w
=y VP e Y)Y (4.8)

. 1
(=ep'Q+ep° R-W+S+5b-(be)

+ 0(6‘3).

Here S is the “time-like” analogue of R, namely S = (3;e;) - e;.

4.3 Pressure in guiding-centre coordinates

4.3.1 Intuitive picture in slab geometry

To provide an intuitive account of the guiding-centre corrections described in the last section,
we focus here on the particle motion and implications of these corrections in a simplified
magnetic geometry. Following [Kau60], we assume a cartesian slab geometry described by
coordinates (x1, X2, x3) and constant magnetic field B = Bb, pointing in the x3-direction. We
assume the E x B velocity u to be orientated in direction e;, with amplitude linear in x,, such
that

u(x)=ujpxeq,

corresponding to an electric field E = E»(x») ez = u; 2 Bxz e, (cf. Figure 4.1). Here, we denote by
uy,2 = 0u;/0x;, the partial derivative of the x; -component of u.
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Particle trajectory

We first derive the motion of a charged particle with mass m, charge g as predicted by guiding-
centre theory. We find

pP1-b=0
1 L pvsus+ PLl+1p):V
—gu=——= XU+ — u,
Z,Ug“ 20 q'P p
1 .
=——(pp-11):V
8=—1qPP ):Vu

We then find from equations (4.5)-(4.7): po = po (cos({)e; —sin({)e»), and

3pou12 Pol12
Po+

1q Pt 5o sin({)e.

pP1=
Introducing a = pg (1 + %), we can finally write

1
Q—€B§u1y2

Q )sin(()eg.

P =po+eppr=acos(()e; — a(

Observing also that X = u(X) with X(t=0) = Xl(o)el +X2(O) e; implies X = X (¢ =0)+ ul,ng(O) tey,
it follows from x = X + p that

x1(0) = X9+ w1, XVt + acos( (1)),

Q-epluin) (4.9)
0B =X"-a 2" |sin(((£).
In addition, we note that the guiding-centre equations of motion yield
. 1 1
{:Q+635b-(vxu):Q—egiul,g. (4.10)

We can compare these guiding-centre results with the results obtained from the Lorentzian
equations of motion [Kau60]. According to [Kau60, equation (20)], the general solution of the
resulting Lorentzian equations of motion is given by

x1(t) = x1 +u12x2 t+acos(\/Q(Q—eBuLg)t+a),
Q—-eguy»\?
xg(t)zxéo)—a(#) sin(\/Q(Q—eBuLg)t+a).

Q

(4.11)
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(a) Lab frame (b) Ex B frame
Figure 4.2 — Particle motion in slab geometry with VE, # 0: motion in lab frame with E x B drift
clearly visible (left). Motion in frame co-moving with the guiding-centre (right) clearly shows

deviation from circular motion due to VE,. In this figure, epsilon stands for € = |Vug|/Q, =
IVE5>|/BQ,.

trajectories velocities
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x [a.u.] v, [a.u.]

Figure 4.3 - Trajectories intersecting r = 0 and corresponding anisotropic velocity distribution.

where xgo), xéo), a, a are constants to be determined from the initial conditions. By inspection

of (4.9) and (4.11), we can immediately identify x'© = X®, and we see that the leading-order
approximation

. 1 1
(=vVQQ—-€epuiplt+a = (zQ—eBEul,g =Q—635b-(Vx u),

is consistent with the guiding-centre picture (cp. equation (4.10)).

Effects due to higher-order corrections

The fact that the particle trajectory has an elliptic shape, rather than a circular one, turns out
to cause off-diagonal terms in the pressure tensor. To see this, we fix a physical position r =0
and consider all particle trajectories that intersect r, as depicted in Figure 4.3. The fact that
the trajectories are elliptical rather than circular translates into an anisotropy in the velocity
distribution at r (cf. Figure 4.3 (right)).

The off-diagonal components II;s ~ (v; o), II1; — o ~ <vf - vg) of the pressure tensor are
non-zero because this anisotropy corresponds to correlations between vy, v as depicted in
Figure 4.4, leading to IT # 0. Here we have denoted the gyro-average by (...) = (2m)~! [ d{(...).
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v2 [a.u.]

2 0
€ [gyroangle]

Figure 4.4 — Terms related to off-diagonal components II;, and IT;; — IIy; as function of
gyroangle ( at fixed r (solid), and their gyroaverages (dashed). Here: vy = vy, vy, = 0.

4.3.2 General expression for pressure
Approach

Let % = u+egu, + O(eg?) denote the (macroscopic) mass fluid velocity, including a leading-
order term u with respect to which the guiding-centre equations are defined. The exact form of
u in our context will be specified later on, for now we only require that the difference between u
and u is of higher order in e 5. We wish to evaluate the pressure tensor, retaining effects related
to gradients in u to first order in € 5. The first step is to recognize that the distinction between
u and u will be unimportant for the evaluation of the pressure. The difference between these
velocities, egu., is a diamagnetic flow, which itself is of collective (distribution) origin. To see
why the contribution due to egu. is unimportant, let us first write the pressure tensor P in
guiding-centre coordinates.

P(r) :fdgvm[v—ﬁ(r)] [v-u)| fr,v)
=fd6.thyS5(x—r)m[v—ﬁ(r)] [v -] f(Zphy)
=fd62gc5(X+p—r)m[v—ﬁ(r)] [v—(r)| F(Zgo).

We have denoted Zpny = (x, v) the particle phase-space coordinates and Zg the guiding-
centre phase-space coordinates, and f, F are the distributions functions expressed in particle
and guiding-centre coordinates, respectively.

Expanding now u = u + epu., and recognizing that the leading order particle velocity v =
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4.3. Pressure in guiding-centre coordinates

u+ wb+ po+ O(ep), we find
P(r) =fd63gc 6(X+egpo—rImlv—u(r)][v—u(r)] F(Zg)
+f d°Zge 8(X +eppo—r)m v —u(r)] [—epu. (r)] F(Zge) + (T) + O(eg%)
= f d5Zge 6(X +eppo—r)mlv—u(r)] [v—u(r)] F(Zg)
—e;;u*(r)fdﬁ.:{gC 6(X—r)m[wb+p0]F(ch)+(T)+O(eBZ).

We denote by (T) the transpose of the second term. Now, we find that the second term in the
last equation is of order €2, because

f d*vge mlwb + pol F(Zge) = Olep),

by our choice of parallel velocity variable w as an (approximate) thermal fluctuation. We
conclude that

P(r)= f dﬁzgc 60X +egpo—rImv—u(r)] [v—u(r)]F(Zg)+ O(ep?).

The goal of this section is to expand this expression for P, retaining all corrections at order €p.
In guiding-centre coordinates Zg., we find

v=x=X+p.
The guiding centre velocity X can be written in the form (cp. eq. (4.8))
X = wh(X) + u(X) + e Vg + Olep?)
It is important to note that u(r) # u(X). To the required accuracy,
X—u(r)=X-uX)—eppo-Vu(X) + Oeg?),
so that
P(r)= [ d°Zgc 6(X +eppo—r)m|[wh+ Pgc +€pVge —€po- Vu]®2 F(Zg)

Expanding § (X +egpo—r) = [L+€eppo- VI8 (X —r) + O(ep?), integrating by parts, and neglecting
terms at order O(e3?) and higher throughout, we arrive at

P(r)= f d®Zge 6(X — r)m[wh + p +€pVye —eppo - Vu] > F

—V-fdGché(X—r)mpo[wb+p] [wb+p]F.
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We will furthermore write the (canonical) phase-space volume in the form dﬁzgc = dXdvg,
where the guiding-centre velocity volume element is dvg. = m‘lBl’l‘ dwdpd{ and B =b-B*
is defined in terms of B* defined in chapter 2, equation (2.30).

Let us note that both p = p© +e3p™ + O(ep?) and py are purely oscillatory in gyroangle.
Expanding the above expression for P and taking into account that several terms gyro-average
to zero, we obtain (assuming a single ion species)

P(r)= (f dsvgC mwzF) bb + (f d3vgc mp©@pOF (4.12)
+er d*vge mw bV + Vgcb] F (4.13)
+e3/ Boge m[pPpV +pPp O F (4.14)
—egfdsvgcm[p(o) (po-Vu)+(po-Vu)p?| F (4.15)
—er-f d>vg. mwpo [bp® +pOb| F (4.16)

We remind the reader that in these expressions F denotes the guiding-centre distribution. We
also note that we are not including O(eg®)-terms, so that we may use

d*vge ~ m'Bdwdud¢ (4.17)

to calculate the first-order correction terms (4.13)-(4.16).

Leading-order expression

Observing that

p? = Qorpo = V2uBiml=v,,

we find that the gyroaverage m(p® p@) = 2uB(1 1) = uB(I - bb), and the CGL form of the
pressure tensor is recovered to lowest order

P= P_]_(I_bb) +P\|bb+ O(EB).

In these expressions, we define the perpendicular and parallel guiding-centre pressure mo-
ments as

Plzfdﬁ‘vgc UBE P||=fdsvgc muw*F.
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4.3. Pressure in guiding-centre coordinates

For future reference, we also define the guiding-centre parallel fluxes of parallel heat q” and
transverse heat qﬁ as follows:

q” :fdsvgcmw3F, qﬁ:fd%gc wuBF.

Higher-order correction

Detailed calculations for the higher-order terms have been included in appendix B. Here we
only cite the final results. It is convenient to decompose the pressure tensor as follows:

P= PCGL + H5(€2€2 — elel) + ng(eleg + egel) +b® HbJ_ + HJ_h ® b,
where the last two contributions are defined as
M, =b-P-(I-bb), N, ,,=—-bb)-P-b,

and we note that by symmetry II;,; =1II, ;. The three contributions Il =11, p, 15, 1}, arise
from corrections to P in each of (4.13), (4.14), (4.15), (4.16). These corrections in each equation
are listed below:

Correction (I) (eq. (4.13)): From perpendicular Ohm’s law, we have [db/dt], = [b-Vu], . This
term therefore gives the following non-zero contributions

1
Hbl:b®{5b><

2Pyb-Vu+qi VB +24|/x] }

M5 =0
I, = 0.

Correction (II) (eq. (4.14)): We find

1
HbJ_:b@{abx

—qHLK—PLqu]}
My =1 -[P Vit LVb]
5= 5q v [FLVuta
1 1
o= 55k [PLVu+ gi Vb].
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Correction (III): (eq. (4.15))

1
HM:b®{5bx[PLVu-b]}
1
Q
IT —lI [P Vu]

12—Q s-lriLvul.

s =—1I,:[P Vu]
Correction (IV): (eq. (4.16))
1
o, :b®{5bx [Vqﬁ—qﬁVB—qﬁK”
1 1
5= & Iy: | g V)

My, = él(;: [qﬁwa].

Sum of all terms (I-IV): Based on the above expressions, we finally obtain:

1
l-[bJ_ =b®{§bx (2P||—Pl)b-Vu+Pl(Vu)-b

+2(q) - axc+ Vi | }

(4.18)
My = %Iy: [Pqu+ qﬁVb] ,
M, = %15 : [Pqu+ qﬁVb] .
In addition, using IT 5, = (I, )T, we have for completion,
= {ébx [(2P||—PL)b-Vu+PL(Vu)-b
(4.19)

+2(q||‘| - qd‘)K+qu'] } ®b

This form of the gyroviscous tensor, as derived from guiding-centre theory, recovers MacMa-
hon’s result [Mac65, eq. (11)-(13)]. Macmahon’s result remains the most general expression
for the gyroviscous tensor for collisionless dynamics, and under the present fast-dynamics
ordering, with fluid velocity of the order of the ion thermal velocity u ~ vy, ;. Note that the
more conventionally cited expression for the gyroviscous tensor due to Braginskii [Bra65] is
instead based on the assumption of fast dynamics and high collisionality, and hence may
be appropriate if fluid equations with an ad hoc closure are discussed, but does not pertain
in the present context. A thorough discussion and comparison of several alternate order-
ings for FLR corrected fluid equations has been given by Ramos [Ram05a, Ram05b], and we
refer the interested reader to that work for further information. For the present work, it is
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4.4. A Kinetic-MHD model for strong flows

interesting to point out that those contributions to the gyroviscous tensor, which are pro-
portional to gradients in u, are the same for all the various orderings discussed in [RamO05b].
It is this contribution proportional to Vu which is most commonly considered, and which
is responsible for the approximate gyroviscous cancellation. For a discussion of the deriva-
tion of the gyroviscous force from the gyroviscous tensor, and the approximate gyroviscous
cancellation in the momentum equation that is implied by the gyroviscous force, we refer
to [CC92,Sm098, Kau60, MT71, HM85, Ram05b, Bra65]. In particular, our derivation shows that
the generalized guiding-centre theory developed in the present work is consistent with the
inclusion of finite Larmor-radius effects (diamagnetic flows) in the momentum equation.

4.4 AKinetic-MHD model for strong flows
4.4.1 Nonlinear formulation including diamagnetic effects

Kinetic-MHD model

Based on the above development of guiding-centre theory in terms of the MHD-like velocity
u, and the demonstration that this formulation is consistent with the gyroviscous cancellation,
we can now re-write the exact momentum equation, obtained in the limit m, — 0: As already
pointed out in Section 1.3, to avoid additional complications due to inertia contributions by
multiple ion species, we shall assume that the inertia is dominated by single bulk ion species,
in the following discussion.! The exact momentum equation in this limit is given in terms of
denotes the dominant bulk ion species) u = u+ u,. ; + O(eg?):

W
1

the ion flow velocity (

-
min(a—’t‘m-w +V-II; = jx B—V- P,

While the derivation in the last section has been based on a guiding-centre calculation, the
resulting expression for I1; agrees with known results obtained from fluid theory. Therefore
following [Aib16], and employing the approximate gyro-viscous cancellation,? we write

m-n(au +u-Vu
"\or

du
+V-H,~=m,~n(a+u*,,~-Vul), (4.20)

with % =0; + u-V the convective derivative along u. Thus, we find the following form of the
momentum equation

du
min(a+u*,i-vm):ij—v-PCGL, (4.21)

1 An extension to contributions to the inertia by multiple ion bulk species would be straight-forward if us = u
for all bulk ion species “s”, though. The general case is left for future work.

2We employ the approximate form of the gyroviscous force at this point, rather than the exact expression as e.g.
derived in [Ram05b], mainly for simplicity of the resulting equations.
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where

b x VPJ_,I‘
u,, = ——
’ ZenB

is the ion diamagnetic flow. In this last expression, we have allowed for a general diagonal Chew-
Goldberger-Low form PCSL, instead of the isotropic form PCl = pI, which was assumed in
the fluid treatment [Aib16]. The density n in (4.21) satisfies the continuity equation

on
—+ V- (nu) =0. (4.22)
ot

Assuming E|| = 0, Ohm’s law can be written:
E+uxB=0.

This form of Ohm’s law then leads to the conventional ideal MHD result

a—B—Vx(uxB) (4.23)
or ' '

Finally, closure is provided by the solution of the collisionless guiding-centre Vlasov equation

.  0F; g
ath,gc +X- vFs,gc +w = (4.24)
ow
for each species s € {i, e}. We note that
. B* E*xb . qs E*-B*
X=w—+ , W=———, (4.25)
B” B|| mg BB”

with E* =-VH/q - %, *=VxA*and A*= A+ %W, are derived from the guiding-centre

PCGL

Lagrangian Z (cp. equation (4.3)). The pressure tensor is computed at leading order as

pCeL = ¥ peaL)
5 (4.26)
PESL = Py bb+ Py | (I bb),

where
Py = f mg WZFs,gc d® Ugc,
_ 3
PS,J_ = fuBFsng d vgc.
The resulting system of equations is written in term of the variables (n, u, B, F;), where 7 is the
ion number density, u is the leading-order fluid velocity, B is the total magnetic field, and F;

denote the guiding-centre distribution functions for each species s. The numerical solution of
the non-linear kinetic-MHD system requires the evolution of n according to equation (4.22),
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u is solved for from equation (4.21) and the solution of Ohm’s law (4.23) is needed to advance
B. In addition, the guiding-centre distributions are evolved according to the collisionless
guiding-centre Vlasov equation (4.24), from which the CGL-contribution to the pressure are
obtained according to (4.26). The resulting system of equations can be used to study the
non-linear dynamics of low-frequency modes for which diamagnetic effects are important, i.e.
when w ~ nw. ;. Both FLR, as well as particle wave interactions (precession resonance) are
included in this non-linear model.

Discussion of the non-linear kinetic-MHD model

The kinetic-MHD approach has a long history going back at least to the pioneering work
of Rosenbluth and Rostocker [RR59]. In this section we would like to point out a subtlety
that make this approach particularly suitable for the study of kinetic effects on macroscopic
instabilities. To explain why, we start out by introducing the formal ordering of the terms
appearing in the momentum equation (4.21):

min %+€Bu*',~-VuL =eB_1j><B—V-PCGL. (4.27)
In order to obtain a consistent set of equations, we need to provide closure relations for j
and PCCL, The crucial point of kinetic-MHD is that it is beneficial not to compute the current
density directly from the particle distribution function fs (cp. the classic work by Rosenbluth,
Rostocker [RR59, p.25], or the book by Freidberg [Frel4, p.391]). Indeed, if we were to write
j = gs [ vf;d*v, we would require knowledge of f; including corrections at order €3>
to compute j to an order that is consistent with the other terms in (4.27). Instead, we express j

, in order

in terms of B using Ampere’s law V x B = g j, and the evolution of B is governed by equation
(4.23).

Thus, the only variable that requires kinetic closure is now the CGL-part of the pressure tensor
PCGL And comparing with the ordered momentum equation (4.27), we find that the pressure
can be consistently computed from knowledge of the distribution function f; including FLR
correction to order €. In this way, the kinetic-MHD approach with pressure closure achieves
an efficient use of kinetic information, in the sense that the guiding-centre distribution Fj,
computed based on guiding-centre theory including all O(eg)-corrections is sufficient. Higher-
order corrections at O(ep?) are not required in a kinetic-MHD approach, whereas they would
be required to compute all terms in the momentum equation (4.27) from a purely kinetic
approach.

Previous versions of the kinetic-MHD model, as e.g. discussed in [Fre1l4, Chap. 9.5], have
focused on leading-order effects, for which only information about the zeroth-order distri-
bution function is necessary. In this work, we also consider first-order corrections in the
guiding-centre equations which lead to important particle drift effects, and which allow us
to consistently include the effects due to the diamagnetic drift velocity in the momentum
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equation (4.27). We emphasize that the above non-linear model is based on the MHD form of
Ohm’s law (also parallel to the field lines), and hence does not include kinetic effects due to
E| #0. In sections 4.3 and 4.4 below, we will instead consider a linearized kinetic-MHD model
where the effects due to Ej # 0 are included.

In closing our discussion of the non-linear kinetic-MHD model, we remark that a similar
pressure-coupling approach is for example followed in the numerical code XTOR-K, which is
currently under development. XTOR-K is a extension of the two-fluid code XTOR-2F [LL08,
LL10]. In XTOR-K, kinetic closure is achieved by computing the particle distribution function
fs, based on direct solution of the Vlasov equation, rather than a set of reduced guiding-
centre equations. Numerically, this puts more stringent demands on the maximum allowed
time-step size, since the fast gyro-motion of particles needs to be resolved in XTOR-K. In
contrast the fastest motion in the guiding-centre description is on the order of the bounce-
frequency of particles. The model proposed in this work could thus serve as a computationally
less demanding alternative to provide kinetic closure for XTOR-K, in the collisionless limit.
Similarly to our non-linear model, XTOR-K also does not determine E) from a self-consistent
quasi-neutrality relation.

In comparison to non-linear, global gyrokinetic codes [JBA*07, GLB*11], we expect that the
kinetic-MHD system might be less computationally expensive to solve in practice, due to the
fact that the considered modes are long-wavelength, in contrast to the small-scale turbulence
considered in gyrokinetics. Hence, we would expect such modes to require less spatial resolu-
tion. In addition, the kinetic-MHD treatment requires no (non-local) gyroaveraging operations
to be carried out, and thus fewer operations per time-step.

While the guiding-centre equations which we used to derive the expression for the gyroviscous
tensor (4.18) have naturally led to a non-linear kinetic-MHD model, the main goal of the
present work is the derivation of a linear model, allowing for a non-zero parallel electric field.
The following sections are devoted to the derivation of such a linear model.

4.4.2 Equilibrium

Disclaimer: In the following, we will consistently write fields as a sum of equilibrium and
perturbed parts. Perturbed quantities will be denoted with a §. To ease notation, we will
however not indicate all equilibrium quantities with a subscript 0, e.g. we shall replace
B(x,t) — B(x) +0B(x, t). Unless otherwise specified, henceforth any quantity without a  will
refer to an equilibrium quantity.

Before deriving equations to study the linear dynamics, we briefly discuss the magnetohy-
drodynamic equilibrium from a kinetic point of view. We will assume for simplicity that the
equilibrium is isotropic. So that the CGL equilibrium pressure tensor becomes a scalar. Note
though that the lowest order perturbed pressure is not isotropic. Following [Bri95], we will
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assume an axisymmetric equilibrium with nested flux surfaces, so that we can choose flux
coordinates (i, 8, ¢) with v the poloidal flux variable, 8 the poloidal angle and ¢ the toroidal
angle. We furthermore assume the equilibrium flow, defining the co-moving frame, to be
purely toroidal and given by

uo = Q) R*V¢p,

where Q(v) is the leading-order toroidal rotation frequency and R = R(y, 0) is the major radius.
This is consistent with lowest-order kinetic theory for all collisionalities in an axisymmetric
plasma [CBT87]. We remind the reader that the rotation frequency is related to the leading-
order potential ®© (W) by Q=- do©/ dy [Brig5].

Guiding-centre equations allowing for strong toroidal flows have been developed in [Bri95],
where the following form of the equilibrium guiding-centre Lagrangian was derived:

To=[gA+mW]-dX + 2ud( - Hydt,
X q (4.28)
Hy= 5mw2 +uB+qo? + g0,

where W = uy+ wh, @ is the leading-order electrostatic potential, A denotes the equilibrium
vector potential, and b = B/B with B = V¢ x Vi + F () V¢ the magnetic field. We have allowed
for a higher-order electrostatic correction ®!), which is induced by centrifugal effects and
which will be computed from quasi-neutrality below. It is imposed that the flux surface average
of ® vanish. We will denote the total electrostatic potential by ® = ®© + @1, As guiding-
centre variables, we take the guiding-centre position X, the guiding-centre parallel velocity w
measured in a frame moving with uy, the magnetic moment p suitably defined in the moving
frame [Bri95], and the gyroangle {. We point out that (4.28) can be viewed as a special case of
the non-linear guiding-centre Lagrangian (4.3) when the fields are at equilibrium.

Since the equilibrium is assumed axisymmetric and stationary, the coefficients of the La-
grangian do not explicitly depend on toroidal angle ¢» and time ¢, nor are they dependent on
the gyroangle (. Correspondingly, we have following the three constant of equilibrium guiding-
centre motion: toroidal momentum Py = g Ay + mWy, total energy E = %sz + uB+ q® and
magnetic moment p.

The equilibrium Hamiltonian Hj corresponds to the energy E as measured in the lab frame,
and contains the formally large contribution g®©® ~ ¢! %mWZ. It turns out that it will be
useful to introduce a new constant of motion, &, which does not contain such formally large
terms. To this end and following Brizard [Bri95], we define a pseudo-radial variable ¢ * via the
toroidal momentum Py:

. m
14 E—P¢/q=w—;W¢=w+Aw,
where Ay = — % Wy is the banana width in units of y. Clearly, " is a constant of motion in
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axisymmetric equilibria, so that we can define a new constant of motion as the combination
& =E-q®9 (y*). Expanding

dp©
dy

() m

=P (1//) + ;W + U,

) =0y - %ng

and W = wb + uy, then including order Ay corrections, we can write
&=E-qoy")
1 2 1 5
= zmw +mwb-uy+ EmuO +qo(y)

p [q)“”(u/) + % (wh+ ) - g

= 1mw2 +uB + q(D(D - lmug
2 2
Thus, & corresponds to the energy measured in the rotating frame. Under collisionless dy-
namics, the equilibrium distribution function Fy = Fo(Py, E, p) of a given species must depend
on the constants of motion, only. Instead of Py and E, we can equivalently use the constants
of motion ¥* and &. For thermal species (s = i, e), we shall impose Fy = Fy(y*,&) to be
Maxwellian in &, so that

Ns(y™)

FO,S(U/*»(g)) =
(2”Ts(w*)/ms)

575 €xp (=81 Ts(yM) (4.29)

with Ng(y), Ts(y) given profiles. Notice that this equilibrium distribution is isotropic p| =
p1 = p- That the temperature Ts(y) is a flux function is consistent with Fokker-Planck equa-
tion solutions of arbitrary collisionalities [CBT87]. Thermal gradients cannot build up along
magnetic field lines, where particles can freely stream.

We next show that this natural choice for F; ; can be used to recover the ideal MHD equilibrium
relations. The physical ion and electron densities are given by

ng(l[/,@) :fd3VFO,s
—qs®Y + I mR?Q?
Ts(y)

= Ns(y) exp

Assuming quasi-neutrality between electrons and ions, n, = Zn;, and neglecting centrifugal
effects for electrons (m,. < m;), we obtain

2 p2
_2(1+T,~/Te)(R (RD),

qo

where (...)) denotes flux-surface averaging. Assuming in addition that 7; = T,, we find that
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the mass density and pressure p = p; + p. are poloidally dependent and of the form

m; (R* — (R?)) Q?
AT ()

m; (R* - (R*)) Q2
4T ()

p(y,0) = p(y)exp

’

p(y,0) = p(y) exp

We can now write

_op

- vu/+a—p| VR
oy IR ORly

Vp
and recall that ug - Vuy = —Q?RVR. From the parallel projection of equilibrium force balance,
b-(puo-Vuy+Vp) =0, we then find the following relationship between p, p, T:

m;p
=—— < p=2pT/m;.

P==T p=2cplim;

Note that p = m;n; and p = p; + pe = 2p;, so that the above is equivalent to 2p; = 2n;T.
Recalling that p =2p; and n = n, + n; = 2n;, we arrive at the equation of state for an ideal gas
p=nT.

Radial force balance leads to the conventional form of the Grad-Shafranov equation for
toroidally rotating plasmas

A*w+p0R26—p + 1dF° =0, A*w=RV-(R'Vy),

oylr 2 dy
where we recall that the magnetic field is represented as B = V¢ x Vi + F(y)V¢ and ¢ is
the geometric toroidal angle. We have thus shown that our assumed Maxwellian form of the
distribution function is consistent with ideal MHD equilibria. Note that a similar result was
summarized in [GW17]. In the present work, we have shown that the derivation of [GW17] is

consistent with the guiding-centre equations in a co-moving frame (cf. section 4.2).

4.4.3 Linear Perturbation

Next, we wish to derive suitable equations for the linear kinetic response. The physical param-
eters to consider are eg ~ p;/Lp with p; the thermal ion Larmor radius and Lp the background
equilibrium length scale, 6 ~ § B/B the amplitude of the perturbations and k, p;, with k
the perpendicular wave vector of the perturbed quantities. The validity of the guiding-centre
transformation requires that eg < 1. The study of linear dynamics imposes § <« 1. Different
forms of the linearized kinetic equation can then be derived assuming k, p; < 1 (guiding-
centre approach), or allowing for k, p; < 1 (gyrokinetic approach). Clearly, for the study of the
linearized dynamics, the gyrokinetic approach is the more general one, motivating us to follow
that approach in the following.

103



Chapter 4. Kinetic-MHD
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Figure 4.5 — Two-step transformation from physical particle (phy) to gyro-centre (gy) coordi-
nates via guiding-centre (gc) coordinates.

Gyrokinetic transformation

We shall initially allow for k, p; ~ 1, before discussing the long-wavelength limit k; p; < 1in
section 4.4.3. In section 4.4.3, we show that the results obtained from gyrokinetic theory in the
long wavelength limit are consistent with the linearization of the guiding-centre equations of
section 4.2.

The gyrokinetic approach, as developed in [BHO07, and references therein], is a two-step
process: In a first step, a near-identity transformation is carried out to pass from particle
coordinates Zppy to guiding-centre coordinates Zg., defined with respect to the equilibrium
fields. In a second step, perturbations are introduced. To obtain a reduced set of kinetic
equations taking into account both background inhomogeneities as well as the perturbations,
a second transformation to gyrocentre coordinates Zgy is carried out (cf. Figure 4.5).

After the guiding-centre transformation with respect to the equilibrium fields, explained in
detail in chapter 2 (see also [Bri95]), the Lagrangian in guiding-centre coordinates now takes
the form I' =T’y + 6T'; with [y given by equation (4.28), and the perturbed Lagrangian (first
order with respect to the perturbation parameter 9),

I1=qg6AX+p)-d[X+p]|-gép(X+p)dt.

We denote by p the guiding-centre displacement, written in guiding-centre coordinates, such
that the particle position x is related to the guiding-centre position X by x = X + p. Clearly,
the perturbed Lagrangian I'; is gyro-angle dependent, because of the gyro-angle dependent
terms in p. To remove this gyroangle-dependence we carry out a near identity transformation
to gyrocentre coordinates induced by the phase-space vector field G,. While the final result
has previously been obtained in [Bri95], we here supply a detailed discussion of the derivation.
Following [BHO07], the components of the perturbed Lagrangian in gyrocentre coordinates are
related to the components of G, by

5? ={S1,Z%+ (Fw—fw)]é’b, (4.30)
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where S is a gauge function, solving the equation

d0§1
dt

- (Hl_ﬁl)—(rm—fm)z(f,

and ZO“ ={Z*%, Hy} is the time derivative along an unperturbed orbit. Here, given any phys-
ical quantity X, we denote by X=X- (X) the gyro-angle oscillatory part of X, and (X) =
@2m~1 f X d( is the gyro-average of X. We shall choose a Hamiltonian representation, mean-
ing that only perturbed terms in the Hamiltonian are present, i.e. we choose I'y = (...) dt, with
vanishing dX-components. It then follows that

doS — —
W1 _ g52p-als.A X+ 5],

where we have introduced 6.¢ = 6¢p(X + p), and 6. A = §A(X + p), following the notation
in [Bri95].

With this choice of G, and Sy, the perturbed Hamiltonian in gyrocentre coordinates is given by

Hy = (H)— (rla —fm) Z&—1{S1, Holo
=q(6.p)— g6 A-[X +p)).

where (...) denotes gyro-averaging.

Collisionless linear gyro-kinetic equation

In Hamiltonian gyrocentre coordinates, the perturbation only affects the Hamiltonian part, so
that the Poisson bracket (which is determined by the symplectic part of the Lagrangian) is for-
mally the same as for the guiding-centre equilibrium dynamics {-, -} with strong toroidal flow
uy [Bri95]. We will denote this Poisson bracket simply by {-, -} in the following. The collisionless
gyrokinetic equation is given by

aE_OF k=0

dt ot 7
We write the total distribution (in gyrocentre coordinates) in the form F = F + 6 f as a sum of
equilibrium and perturbation. Similarly, the Hamiltonian is written in terms of its equilibrium
part Hy and the perturbation H;. Then, to order O(5?) in §:

doFo _ aFO

200 =20 iRy, Hol =0,
a7 3 + {Fo, Ho}
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expressing the fact that the equilibrium distribution function Fj is a function of the constants
of the unperturbed motion, E, Py, u (in gyrocentre coordinates). To first order O(6), we obtain
dy6f 00f — —
E—+5,H :—F,H :H,F
P 3 {0 f, Ho} = —{Fo, H1} = {H1, Fo}
Writing now Fy = Fy(E, Py, 4; 0), where o is an additional label, allowing to distinguish between
co-passing and counter-passing orbits, we find

"
ou

{Hy,Fo} ={H H}%Hﬁ p}@ﬂﬁ }
1, Los — 1, 110 OE L ¢ OP(P LM

We can simplify the first term by noting that doH,/dt=08,H, +{H,, Hp}, so that

doH, 0H,

dr ot

{Hy, Hy} =

Furthermore, it is easy to show from a general property of Lagrangians with symmetries that

L=, =12
)¢_6¢) 7H_m6<,)

because the toroidal angle ¢ is conjugate to Py and the gyroangle { is conjugate to the gyroac-
tion J = mu/q. We thus find

0F, . 0H, 0F,
0E ~ 0¢ 0Py’

dosf (doH: OH:
dr | dr ot

having used that H; is gyro-angle independent to eliminate the 3/4¢ term. We may equiva-
lently write this in terms of the non-adiabatic part

— 0F,
Sh=6f-Hi—.,
f-Higp

as

do6h _0H; 0F, ~ 0H, 0F,
dt  d¢ 0P, 0t OE’

(4.31)

A similar equation for the non-adiabatic part has previously been found by Porcelli et al.
[PSK94] in the absence of strong flows. The relative brevity of the present calculation compared
to that of [PSK94] is evident.

Pull-back to guiding-centre coordinates

The gyrokinetic distribution, as written in gyrocentre coordinates, has now been shown to be
of the form Fgy = Fy + 6 f, where Fy = Fy(Py, E, ;0) is a function of the constants of motion.
The corresponding distribution in guiding-centre coordinates, is given by Fgc = Fgy + G -
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dFgy +0O(6 2), or more explicitly

—Py aF() —E aF() —H 0F0

Foe=Fy+0f+G +G +G
gc 0 f 1 aP laE Iau

with Ef given by eq. (4.30). The component Ef”’ is found from

=Py _ = —= — aS

G1¢=G1'dP¢=e¢'(G1'dFo)=e¢-(1"1+d81) Ty + a(pl
Similarly, we find

=t _ = — — aS

Git:Gl'dM:e{'(G]'drO):e(‘(rl‘i‘dsl) F1(+ a(l

Finally, Ef is determined from the relation H; = H; — G1 - dHy = H; —Ef:

—F J—
Gl = HI_HI.

Using these expressions and writing & f = H,0F,/0E + 6 h, we obtain the general expression
(valid to arbitrary order in k, p):

=Py aFo aFg —u aFo

Fpe=Fo+G +H =2 +G
ge =0Tt Gp, T SE T o

+0h. (4.32)

The non-adiabatic perturbed distribution function § & is given by equation (4.31).

Note that Helander et al. [HGHM97] have argued that the perturbed distribution 6 f should be
oftheform 6 f =-61- %, where 61 = (68,62, ) are the perturbed constants of motion
including adiabatic and non-adiabatic contributions. In [HGHM?97], it is also claimed that this
is true to arbitrary order in €. This is in accordance with our results based on modern gyro-
kinetic theory. In fact, our derivation shows that this is the case even in the presence of a strong
electric field at equilibrium (which was assumed to vanish in [HGHM97]).3 Furthermore, from
our derivation following a Lie perturbation two-step reduction (to guiding-centre coordinates,
then to gyro-centre coordinates), we have an algorithm to compute higher-order corrections
ineg.

30f course, to obtain an explicit expression for § f from (4.32) to a given order in eg, one would first need to
expand the guiding-centre Lagrangian to that order. What is claim here is that the abstract form of (4.32) remains
the same to arbitrary order in eg.
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Long-wavelength limitep ~ k), p < 1

In the long-wavelength limit, we have Fgc < (Fgc), where ?gc = Fgc—(Fgc). By direct calculation,
we find (G, ") ~ g6 Ay, (Hy) ~ 6, and

_ B
Gy~ (qp-V6A-0;p) = —u?”.

Therefore, in the long-wavelength limit where we are justified to drop oscillatory contributions
in gyroangle, one obtains to leading order:

OF, _ 0By 0Fy

Oh, 4.33
o B ou " (4.33)

OF,
Fae=Fo+ qud,ﬁ +q6

where the non-adiabatic contribution 6 4 is a solution of the drift-kinetic equation

do6h _0Ha 0Fy O0Hgx 0F,
dt  0p oPy, 0t OF’

(4.34)
with

Hac=qép—q6A-X +udB,. (4.35)
These equations allow for strong flows on the order of ion sound velocity, and in this re-

spect generalize the result of Porcelli et al [PSK94], despite the calculation being much more
compact.

Consistency with non-linear guiding-centre equations

To show that the linearized kinetic equation derived in the previous section is consistent
with the linear limit of the non-linear guiding-centre Lagrangian of section 4.4.1, we briefly
consider the linearization of (4.3). To this end, we write £ in the form & = %, + 6 &, where
%, is the equilibrium Lagrangian and 6 Z collects all perturbed terms, and is given by

5% = g6 A+ mSW]- dX — [mSW - Wy + ud By + gopl dt.

We have introduced the convenient notation §W = wd b + du, which is the perturbed counter-
part of of Wy = wb + uy. By a near-identity phase-space transformation to “Hamiltonian”
coordinates, we can achieve that the Lagrangian written in these new “Hamiltonian” coordi-
nates takes the form

_ doX
6L = {[q6A+ mow) - % — [mSW - Wy + ud By + 6/5901} dr.

We are thus able to move the perturbation from the symplectic part to the Hamiltonian part of
the Lagrangian.
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Writing Xy = dg X/ dt, we can express the perturbed Lagrangian in Hamiltonian coordinates as

8L =—[qd¢p—qSA-Xo+udBy] dt - [méw - (Xo — Wp)] dt
=—[g6p—qSA- X+ udBy| dt + O(eg?),
having taken into account that m6W ~ eggdA- Xy and Xy = Wy + O(ep) in the last equality.

Clearly, we then have 8L = —FIdkdt in the long-wavelength limit (4.35), and the kinetic
equation (4.34) can be recovered also from guiding-centre theory.

Quasi-neutrality

We now show how to recover the leading-order quasi-neutrality equation first derived by
Antonsen, Lee [Ant82]. Note that (4.33) expresses the pull-back in terms of Fy = Fy(Py, E, ).
Taking Fy to be a function of y* = —Py/ g, &, instead, we find from & = E — q®(y™):

0Fy| _ O0F
O_E Py a @ U/*’
anO‘ =_6F0 =_6F0 _ 08 | 0Fy .
OPylE  oy*lE  Oy*le Oy*lEOE ly*
Using
& | do©®
oy* g1 dy ’

and choosing the ideal MHD gauge 6 A = & x B, we have
5Ap=1&x Bly=¢Y,

and obtain

w 0Fo
oy*

Sf=-¢ 5p+&v +6h.

do©® ) dF,
PR &

dy | 6¢& |w*

Writing 6¢p = —¢ wd%f +8¢r, where §¢ is the “Lagrangian” perturbation, we can express this
equivalently in the form

of ==&

0F,
v

oF,
+qgbp;—| +0Oh.
durle TP 58 |,

The result of Antonsen and Lee [Ant82] is now recovered by making the approximation w* =~
in the pull-back relation, so that

v 0Fo

& s

:z'VFO!
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where Fy = Fy(y,&). We can then express the pull-back (4.33) in the form
OF,
8f~—&  -VFy+ q&pLa—éf +6h.

Integrating over velocity space and summing over species, we find the Lagrangian perturbation

oF,
0=qu5ns=qufd3vgc5hs+5¢LZq§fd3vgca—é?f, (4.36)
S S S

where we have assumed quasi-neutrality at equilibrium }_; gsngs = 0. For Maxwellian distribu-
tions, 0Fy/0& = —1/ Ty, so that the leading-order quasi-neutrality equation leads to

5br=pg'>_ qs f A vy 5, (4.37)
N

where pp =3 q? nos/ Tos. As explained below, in section 4.4.5, ¢, directly determines the
parallel electric field (measured in a frame moving with ). Therefore, (4.36) corrects ideal
Ohm'’s law.

Clearly, 4.37 is only the leading-order expression for d¢p;. In a current-closing gyrokinetic
approach, it is necessary to retain polarization drift effects in the quasi-neutrality equation, in
order to correctly reproduce the dispersion relation for drift-waves from gyrokinetic theory
[DKOL83]. Let us therefore indicate how such additional FLR corrections may be obtained
from the present approach. In taking the long-wavelength limit in section 4.4.3, we have
dropped the gyro-angle dependent contribution ﬁgc to the guiding-centre distribution. If we
retain this contribution, then we find to the required accuracy

0Fy
0

~ 0F 0F 0F
~dlp- V)V 20 . Z0 « —(p-V)EV . °0
Fge=q(p-V)§ aP(b+ci(p V)ép ag S P V)¢ v +q(p-V)é¢y 3

where Fge = (Fgc) + ﬁgc. Correspondingly, instead of the quasi-neutrality relation (4.36), we
now obtain an additional term in the general expression for the physical number density of
species s,

ns(r):fdgvgc FeeO(X+p—T)
zfdgvgc (Fgc>6(X+p—r)+fdSvgcﬁgc(p-Vé(X—r)).

After an integration by parts in the last term on the right, we now have to retain an additional
term in the quasi-neutrality relation, which arises due to the p - Vi ¢ -correction in ﬁgC:

OF,
OZZqudsvgc5hs6(X+p0—r)+(Zq§[dsvgc 0;8)5¢L
s S

O0F,
-V [(ZCI?Idg”chOPo—aézs)'V5¢L
S
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For Maxwellian distribution functions, and neglecting the FLR-correction due to electrons,
this can be re-written in the form

2
qsNos

O:qufd3vgc5hs5(X+p0—r)—(Z )&pL
s s TOs
(CI?HOL'

(4.38)
+V- P5V L5 L) )
where p; = vm;Ty;/(q;B) denotes the thermal gyroradius of the ions. Equation (4.38) is
the relevant quasi-neutrality relation including FLR-corrections. As will be seen now, these
corrections are irrelevant for a pressure closing kinetic-MHD model. Hence, it will be shown
that (4.36) is all that is required to recover e.g. drift waves.

4.4.4 Efficiency of kinetic-MHD pressure closure

As seen from (4.38), the additional FLR corrections to the quasi-neutrality relation appear
at order (k, p;)?
kinetic-MHD model only requires guiding-centre corrections up to order € to consistently
provide pressure closure in the ordered momentum equation including diamagnetic effects

~ €2 in the long-wavelength limit. As we have argued in section 4.4.1, the

(4.27). In addition, as explained in the same section 4.4.1, the current density needs to be
known to order €3 to consistently close the momentum equation. We recall that § j is obtained
from ppdj =V x 6B, and B is found from Faraday’s law
—66—B =V xJE.
ot

Crucially for the present approach, the electrostatic contribution Vo¢ to S E cancels in the
above equation. Therefore, the calculation of § B (and § j) to the required higher order does
also not require knowledge of higher-order corrections to 6¢ ;. Thus, owing to the convenient
cancellation of the electric field upon summation of the momentum equation over species
(using quasi-neutrality), and thanks to the cancellation of the electrostatic contribution in
Faraday’s law, the consideration of higher-order corrections in (4.38) does not appear to
be necessary within the kinetic-MHD approach followed in the present work.* Consistent
with the above observations, the authors of [AB93] have used the leading-order form of the
quasi-neutrality relation (4.36) to study the combined effects of diamagnetic flows and a
parallel electric field, based on a self-consistent kinetic-MHD model with bounce-averaged
kinetic closure for trapped particles. In addition to resolving MHD instabilities, the model of
Ref. [AB93] also obtained electrostatic instabilities, and the coupling between them.

4We remind the reader that it is assumed that k| p; ~ g < 1 in the derivation of this model. This ordering
assumption might potentially break down for certain radially strongly localized modes. For such modes, it may be
interesting to compare results obtain with and without the inclusion of the higher-order corrections in (4.38). In
general, we however remark that the inclusion of kinetic effects have been observed to tend to broaden the mode
structure due to finite orbit-width effects. [PSK94]
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The convenient cancellations in a kinetic-MHD approach are thus to be contrasted with a
purely kinetic approach, where a consistent treatment would have forced us to derive from
reduced kinetic equations all the necessary terms in the momentum equation®

ous, _ __ _ —
msng(a—:+us'Vus) =-V-Ps+ep 'qsns(E+Usx B). (4.39)

In this case, we would then clearly have had to retain second-order correctionsto E = E O 4
egE Sy s2E @ (and hence higher-order corrections to §¢p), in order to consistently include
the required diamagnetic terms (entering at order €g) in equation (4.39). The inclusion of
such effects within a purely guiding-centre kinetic approach would consequently require the
derivation (and solution) of the guiding-centre equations including all e corrections — a
formidable task!

4.4.5 Linear kinetic-MHD model including centrifugal and diamagnetic effects

A non-linear form of the kinetic-MHD model has been presented in section 4.4.1. In this
section, we will propose a more refined, linear kinetic-MHD model for a two-component
plasma consisting of thermal electrons (e) and thermal ions (i), and self-consistently taking
into account centrifugal, diamagnetic as well as kinetic effects due to e.g. precession reso-
nance. Furthermore, the model also allows the effects due to a parallel electric field to be
taken into account via the solution of a quasi-neutrality equation. We will assume perturbed
quantities have the following time- and toroidal dependencies 6 X ~ exp(—iwt + in¢). In
section 4.4.2, we have shown that, under the assumption of Maxwellian distributions for
s =1, e, the kinetic equilibrium is consistent with MHD equilibria allowing for strong flows. A
drift-kinetic equation to determine the linear kinetic response to fluctuating electro-magnetic
fields, and including finite-orbit width effects as well as resonances has been presented in
section 4.4.3. We next want to combine the kinetic derivation with suitable fluid equations
in a linear kinetic-MHD model suitable to study the stability properties of strongly flowing
plasmas.

Frieman and Rotenberg [FR60] were the first to consider the hydrodynamic stability of strongly
flowing plasmas within ideal MHD. Their derivation of the linearized stability equations is
based on a Lagrangian displacement &, which measures the difference between fluid elements
advected by the perturbed and equilibrium flows. In [FR60], it was found that — in contrast
to the stability problem in ideal MHD for a static plasma which is written in terms of a
Hermitian operator — the corresponding operator for stationary plasmas with strong flows is
non-Hermitian, admitting a much more complex structure of the spectrum. More recently,
Aiba [Aib16] has extended the Frieman-Rotenberg approach to include diamagnetic effects in
addition to strong flows. The results of [Aib16] are obtained under the assumption of a closure
relation for the pressure analogous to the one employed in ideal MHD. In this section, we will
combine the kinetic equation with a version of a Frieman-Rotenberg-like equation including

5Here written in non-linear form for notational convenience.
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diamagnetic effects [Aib16], to obtain a linear MHD model with kinetic closure suitable to
study the combined diamagnetic and centrifugal effects.

We now follow largely [Aib16], but we include a Lagrangian perturbation ¢y, # 0 as well as a
kinetic expression for the pressure tensor. We first follow the discussion in Section 1.2.3, where
the Frieman-Rotenberg formulation of ideal MHD in terms of a plasma displacement & was
described. We use perpendicular Ohm’s law

E, +uxB=0,

for the lowest-order (MHD-)velocity #, and impose 6 B = V x (§, x B) in terms of a new
variable &, which will be identified as the displacement. Correspondingly, we choose the gauge
60A=¢&¢) xBandwe find 0E = —-0&, /0t x B—Vd¢. In this expression for § E, we have allowed
for an additional electrostatic contribution —Vd¢ to § E, which was assumed to vanish in the
ideal MHD model discussed in Section 1.2.3. With this choice of gauge, we obtain the following
expression for the perturbed electric field § E’, as measured in a frame co-moving with uy:

OE' =6E+uyx6B=-Vé¢p; — g+uo-V£—€~Vu0 x B. (4.40)
Note in particular that § El’| = -V 6¢ is uniquely determined by 6¢ . Thus, with the present
choice of gauge, a non-zero d¢y is directly related to a non-vanishing parallel electric field
6Eﬂ # 0. This is in stark contrast to a conventional gyrokinetic treatment, which is often
based on variables (¢, Aj), sometimes neglecting 6 B), (see recent discussion on comparison
between MHD and gyro-kinetic variables in [GZB*19]). We note that the precise relation
between the present formulation in terms of (§,5¢;) and a formulation in terms of (6¢, 6 A)
appears to be a challenging open problem. In fact, a comparison of these two approaches is
non-trivial even the simplified case where ¢ = 0, as discussed in [GZB*19].

Continuing with the derivation of the linearized fluid equations, we can use the relation (4.40)
to express the perturbed (Eulerian) MHD-velocity 6 u by re-writing the perturbed form of
perpendicular Ohm’s law

O0E, +6uxB+[uyxd6B]| =0,

as follows

0&1 Vc‘i(pLxB
=== V)E| — (&L -V A & Sty
Ouy = | —=+ - V&1 = (§1-VIug N 52

This establishes a relation for &, but still leaves &) undefined.® We will define the parallel
component &||, by requiring without loss of generality that 6u be conveniently expressed as

6{ V5¢LXB
5u=a+(u0'v)f—(f'v)uo—T-

6When centrifugal effects are neglected, the parallel displacement is not required for the kinetic-MHD problem.
The potential §¢ and the quasi-neutrality equation replaces ¢)| and parallel momentum equation for the MHD
problem. When centrifugal effects are important, parallel and perpendicular flows cannot be trivially decoupled.
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The corresponding Lagrangian velocity perturbation is then seen to be given by du; = % +
(uy- V)& — (V8¢ x B)/ B?, generalizing the corresponding result in [Aib16, eq. (34)] to include

an electrostatic contribution.

Based on the derivation in [Aib16], but allowing for a perturbed pressure tensor with kinetic
effects, and parallel electric fields, the following extended Frieman-Rotenberg equation for &
is derived from this form of the Lagrangian displacement:

Po[ +2(up - V)_£+(u0*l v)i

0
—+({uo+uo*,

+Po (4.41)

+V-6PL_ jx5B-5jxB
=V® [po&® (uy-V)ug— pottg ® (up- V)E].

Here, we have defined the ion diamagnetic drift velocity as

b xVpg;,

1
Uy i = —
PolUo, i Qu;

with Q.; = g; B/ m; the ion cyclotron frequency, and we have retained fluid diamagnetic effects
only in the inertia where they are most important. This is justified if the additional diamagnetic
force terms [Aib16, e.g. eq. (40)] are dominated by either the fluid force terms, or the kinetic
pressure correction arising in V-5 P57, More precisely, we have neglected an additional force
term [Aib16, eq. (43)]

po [{(€ - Vug,«i — (Wo,%i - V)E+Susi}-V]ug 1,
and similarly, we have replaced uy = up + ug «; by up on the right-hand side of equation (4.41).

To close the momentum equation (4.41), we note that 6B =V x (¢, x B) and the perturbed
current is given by 0 j = V x 0 B/ 11y Finally, the perturbed CGL-contributions to the pressure
are given by

5P =5p bb+65p . (I-bb), (4.42)
with

Op| = ;f d3 Vge Mg w26fs, OpL = XS:f a3 Vgc UBO f. (4.43)
Here, the perturbed distribution function

5fs=6fsa+0hs (4.44)

“Incidentally, based on analytic theory in the large aspect-ratio limit, we would indeed expect kinetic corrections
to dominate these diamagnetic fluid corrections, as has been shown explicitly for internal 1/1 kink modes [GHHO0]
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for s = i, eis given in terms of an adiabatic contribution é f; , and a non-adiabatic contribution
0 h. For the adiabatic contribution, we have found

0F) s 0F) s
Sfsa=—EY— 1) : 4.45
fsa ¢ e qo¢r, o6 |y ( )
To express the non-adiabatic contribution, we first note that [GHHO0]
0Fy|  0F 0Fy|  10F 0F, 1 0E
OE I, 08 Iy~ 0PylE qay*lse 088 ly qoy*ls
The drift-kinetic equation (4.35) can now be expressed in the form
dodhs . 0Fys—
—_—= - nQ—-nws ) —— Hyy, 4.46
T i(W—nQ—nw.g) e [k (4.46)

where Q = Q(y*) = d®©/dy/|y—y- is a contribution due to the background flow and the
sum of the first two terms wp = w — nQ represents a Doppler shifted frequency. The third
% %ﬁ’f / a;g;s is a diamagnetic rotation frequency. Imposing the ideal MHD
gauge 6 A =& x B, we can equivalently write the perturbed drift-kinetic Hamiltonian (4.35)

in the form

contribution w, s =

Hac= qé¢r + Imw? — uB1& | -k — uB(V-&})

(4.47)
=& -Im(ug-Vug+2mw(b-V)ugl,

where we have used several vector identities and V - uy = 0. Equations (4.46),(4.47) extend
[GHHOO, eq. (12)], taking into account centrifugal and Coriolis effects, together with correc-
tions associated with quasi-neutrality (6¢1 # 0).

The full system is written in terms of &, 5 hy and d¢; . It consists of: the momentum equation
(4.41) to determine &; the closure relations (4.42)-(4.45); the kinetic equation (4.46) for 6 h,
which is expressed in terms of the Hamiltonian (4.35); and the quasi-neutrality equation (4.36)
for 6¢p;. Note that we require from the kinetic equation three even moments: perpendicular
pressure, parallel pressure and density. The density is required only in the quasi-neutrality
relation. Clearly, this model does not require a direct evaluation of the current from kinetic
information, which as pointed out above is crucial for the kinetic-MHD approach.

Thus, we have arrived at the linear counterpart to the non-linear model of section 4.4.1. In
contrast to the non-linear model, this linear model now includes the effects due to a non-
vanishing parallel electric field 6 Ej # 0. We remind the reader that, even though we have
assumed that the plasma inertia is dominated by a single bulk ion species, the kinetic pressure
closure includes naturally all collisionless kinetic species (6P =} ;0 Py).
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Linear model with weak flows

In the case of weakly flowing plasmas, centrifugal and Coriolis forces can be neglected. Never-

theless retaining weak flow and 6¢ 1, the momentum equation (4.41) is conveniently written

in terms of (¢ ,0hs), because the parallel component & is decoupled from & in this case.

Indeed, we then find

Po [(% + U, 'V) a;—; + (% + U, 'V) —V&I;+><B
=—[v-6P%CH] | +[jx6B], +6j xB.

(4.48)

with §j =V x 8B/uyand B =V x (¢, x B), and 6 P*C is given by (4.42)-(4.45) as a function
of & ,0hs,6¢1. The latter variables are determined from the solution of the kinetic equation
(without centrifugal effects)

dodhs 0Fgs—

=i(w-nQ-nws ) —=Hqgx, 4.49

dr ( s) e dk (4.49)
h = L % /%0 The perturbed drift-kinetic Hamiltonian is given b

where wy s = g, oy* | 96 - e perturbe rire-Kinetic amiltonian 1s given oy

Hax = qO¢y + [mw* — uBlE| -k —uB(V-&1). (4.50)

The quasi-neutrality equation reads

2

(Z T ) 6= ds f d*vgc O, (4.51)
s TOs s

These equations are identical to those of reference [GHHO00], except that in [GHHO00] the

parallel electric field was neglected (6¢; = 0). In the system of equations of [GHHO00], it was

found that weak flows do affect the kinetic corrections to MHD if the plasma rotation is

sheared.

The system of equations (4.48)-(4.51) is expressed in terms of £ |, 6 h; and 6¢, and can be
used to study electrostatic effects on global MHD instabilities [AB93]. A very similar model
has previously been proposed in [Ant82,AB93], but in contrast to [Ant82] the derivation (from
gyrokinetics) adopted in this work makes no restriction on the allowed bounce-frequencies
and includes full finite-orbit width effects. In addition [Ant82, AB93] neglected diamagnetic
corrections in the inertia, and by neglecting finite orbit width effects in solving for the non-
adiabatic part &, the kinetic inertia effects described in [GHHO00] were also not included
in [Ant82, AB93].
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Linear model with strong flows, without parallel electric field and diamagnetic corrections
in the inertia

In the presence of strong equilibrium flows, the equations for &, and &, are no longer de-
coupled and the parallel dynamics can have an important effect on the stability analysis.
Neglecting diamagnetic and parallel electric field (6¢p;. = 0), but retaining kinetic wave-particle
interaction, we arrive at the following model: The kinetic-MHD momentum equation (4.41)
now becomes a Frieman-Rotenberg-like equation with kinetic closure
3 0¢
— +2(up-V)—| =
Po 372 (uo-V) T
~V-6PCSL 1 jx 5B +5jx B (4.52)
+V & [poé ® (g V)ug — potto ® (1o - V)E].

with §j = Vx 8B/ and 6B = V x (£ x B), and § PCL is given by (4.42)-(4.45) as a function
of &,6h; where we set 6¢p; = 0. The 6 h are determined from the solution of the kinetic
equation (4.46). In this limit, the model is expressed in terms of & and d ki, and it allows to
study the combined kinetic and centrifugal effects on MHD modes. Equation (4.52) is an
exact linearisation of the simplified non-linear model of (4.21) if u, ; is neglected on the LHS
of (4.21). Retaining u. ; effects on the LHS of (4.52) would render this linear model as the
linearisation of equation (4.21)

4.5 Summary

A kinetic-MHD model has been derived from a consistent set of guiding-centre equations. The
proposed kinetic-MHD model allows for strong flows and includes centrifugal as well as FLR
effects related to diamagnetic flows. Closure of the momentum equation is obtained from a
solution of the guiding-centre equations, thus accounting for finite orbit-width effects and
particle-wave interactions such as precession resonance.

For the first time, the full expression for the gyroviscous contribution to the pressure tensor
has been obtained from kinetic theory, without resorting to any simplifying assumptions on
the background geometry. Our detailed calculations demonstrate that the formulation of
guiding-centre theory proposed in this work can be used to study the influence of kinetic
effects on global MHD modes on time-scales wp ~ nw.,; when the diamagnetic drift frequency
Wy, = —p;. /(Zen;Byr) is of the order of the Doppler shifted rotation frequency wp = w — nQ,
with 7 the toroidal mode number.

We have explicitly shown that for a two-component plasma (s = i, ), and under the assumption
of Maxwellian equilibrium distribution functions, the usual ideal MHD equilibrium equations
are obtained from guiding-centre theory.

Linearized equations describing the evolution of long-wavelength (k, p; <« 1) global (colli-
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sionless) kinetic-MHD modes have been obtained from a kinetic extension of the Frieman-
Rotenberg equations, allowing for centrifugal effects, diamagnetic fluid drift, as well as a
kinetic closure. The model naturally includes a drift-kinetic form of the quasi-neutrality equa-
tion, and allows the effects of a parallel electric field on global MHD modes to be studied
self-consistently.

As discussed in Section 4.4.4, the kinetic-MHD approach with pressure-closure relies on several
convenient cancellations of high-order terms. Kinetic information is only used to provide
closure for terms such as the pressure which are already formally small in the momentum
equation (in terms a guiding-centre ordering). In particular, the current is not computed
directly from the kinetic distribution, but is instead determined from the field equations. Based
on this, it is argued that the resulting kinetic-MHD model with pressure-closure achieves to
consistently include diamagnetic effects based on guiding-centre equations expanded to
order e, whereas an equivalent kinetic model based on current-closure would have required
guiding-centre corrections to order €3 to be retained.

In closing, we mention that while the results of this work have focused on the collisionless
kinetic effects due to thermal species in a two-component plasma, an additional population
of supra-thermal ions (or electrons) can be added trivially in the pressure coupling scheme,
provided that their contribution to the inertia can be neglected and that either the suprather-
mal distributions are isotropic, or that their contributions to pressure gradients are weak. An
extension of the results presented in this chapter to the case of a multi-species plasma, in
which multiple ion species contribute significantly to the inertia, is left for future work.

The implications of the centrifugal, diamagnetic and electrostatic effects discussed in the
present work can be the subject of future investigations. The proposed model can also serve
as a starting point for analytical work, and is suitable for the derivation of a dispersion relation
taking into account the centrifugal effects on the kinetic response of thermal ions.
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5.1 Summary and conclusions

As pointed out in the first chapter, the contributions presented in this thesis have been moti-
vated in large part due to the need to consider various physical effects to assess the stability
of tokamak plasmas to the 1/1 internal kink instability. Due to the particular importance of
kinetic particle-wave interactions, kinetic-MHD models have been widely used to study and
analyse the stability of this mode. More recently, the importance of the stabilizing effect of
toroidal rotation has been revealed within an ideal MHD approach, both by analytical and
numerical work. Since strong toroidal rotation is usually achieved in devices with plasma
heating by (unbalanced) neutral beam injection, strong toroidal rotation frequencies are
often obtained in conjunction with a kinetic species of suprathermal particles. Under these
conditions, a complete analysis of the stability, including kinetic and centrifugal effects as
well as their interaction, should be based upon a consistent kinetic-MHD model, which takes
into account centrifugal effects in the kinetic equations and the fluid equations. However,
past work in this context has focused on either kinetic closure in the absence of rotation, or
centrifugal effects within a fluid model, and in particular within ideal MHD. In contrast to
non-rotating plasmas, the perpendicular and parallel dynamics in rotating plasmas is strongly
coupled. Fluid models do not provide an accurate description of the parallel dynamics of
high-temperature plasmas. A realistic model must take into account the long mean-free path
of particles in the direction parallel to the field-lines, and hence a consistent kinetic closure is
expected to be of particular importance for strongly rotating plasmas. Existing kinetic-MHD
models have thus far largely neglected centrifugal effects. Therefore, a gap has remained in
the research literature, calling for the need to develop a novel, consistent linear kinetic-MHD
model, which includes centrifugal as well as kinetic effects.

This thesis attempts to fill this gap, by providing a detailed derivation of such a linear kinetic-
MHD model with a kinetic closure based on guiding-centre theory: After a short review of
the main concepts of fusion research and ideal MHD, and the basic formulation of kinetic-
MHD models, several aspects of the 1/1 internal kink instability are reviewed in chapter 1.

119



Chapter 5. Final remarks and perspectives

This first chapter is intended to provide the background and motivation for several original
contributions in this thesis, which are presented in chapters 2-4.

Since guiding-centre theory is central to the approach to kinetic-MHD taken in the present
thesis, a thorough discussion of the Lagrangian formulation of guiding-centre theory is given
in chapter 2. After an introduction including a short overview and several elements of the
historical development of guiding-centre theory, a formulation of the guiding-centre equations
of motion including centrifugal effects, and with respect to guiding-centre coordinates which
are particularly suitable for the development of a kinetic-MHD model, are presented. In
contrast to similar presentations in the literature, a particular concern, which runs throughout
this thesis, is the precise meaning of the guiding-centre coordinates and their relation to
the coordinates of the particle that this guiding-centre describes, including higher-order
corrections which are often neglected. In particular, the often overlooked subtlety arising
due to this distinction between guiding-centre and particle coordinates is pointed out in
appendix A, where an original discussion of the Bafios drift parallel to the field lines in a
simple background magnetic field is given, based on the results presented in chapter 2. A
comparison of the physical particle motion (governed by the Lorentz equations) and the
guiding-centre motion is given, suggesting that a careful distinction should be made between
the parallel particle velocity and the parallel velocity of the corresponding guiding-centre
(Banos drift). The consequences of this higher-order correction parallel to the field lines is
investigated further in the context of full- f slowing-down simulations in chapter 3. The main
contribution of chapter 2 is the detailed derivation of the guiding-centre Lagrangian based on
Lie perturbation methods in section 2.4. While very similar expressions for the guiding-centre
Lagrangian have been derived by several authors in the past, a very limited amount of detail
(if any) of the mathematical derivation is usually provided. This does not only make such
derivations difficult to verify, but also represents an obstacle for students and researches
wishing to learn more about guiding-centre theory. While the reader is assumed to be familiar
with several mathematical prerequisites, a thorough discussion of the steps required in the
derivation is provided. It turns out that the derivation proved critically important for chapter 4,
where certain errors in the literature were discovered, enabling the final correct kinetic-MHD
model to be derived.

Chapter 3 presents a concrete application of the higher-order corrections derived in chapter 2.
The application is that of slowing-down simulations of NBI injection in a MAST-like device. For
this problem, higher-order guiding-centre equations have been implemented in the VENUS-
LEVIS guiding-centre following code, as well as an algorithm to switch between particle and
guiding-centre coordinates consistent with the theory presented in chapter 2. While higher-
order corrections to the guiding-centre Lagrangian are not found to be important for this
particular application, inclusion of the Bafios drift is found to significantly affect the expected
resonances of NBI injected particles in the presence of RMP coils, as well as the NBI driven
current in a MAST-like equilibrium.

Finally, chapter 4 discusses the derivation of a novel kinetic-MHD model with pressure closure
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based on the guiding-centre theory developed in chapter 2. Besides the derivation of suit-
able equations for the evolution of the distribution function of guiding-centres of the kinetic
species, the other main issue is the evaluation of the pressure tensor from our knowledge
about the distribution of guiding-centres. Due to the complicated, spatially non-local nature
of the guiding-centre coordinates (all complicated functions of both the physical particle
position x and particle velocity v), this turns out to be a non-trivial task. While leading-order
terms are readily computed and yield the conventional Chew-Goldberg-Lew contributions
to the pressure tensor, which are conventionally used in existing models, higher-order FLR
corrections are closely related to diamagnetic effects, and the so-called gyroviscous cancel-
lation. These higher-order FLR corrections are known to lead to off-diagonal, gyroviscous
contributions to the pressure tensor.

Chapter 4 begins with a short survey of past work on this problem. Before advancing to
the general derivation of the pressure tensor including gyroviscous components, simplified
geometry is considered in section 4.3.1 to provide an intuitive picture of the origin and meaning
of these gyroviscous contributions to the pressure tensor. It is observed by explicit calculation
both based on the Lorentz equations and from guiding-centre theory, that small (second-order)
corrections to the circular motion of the particles’ gyration around the field lines result in
elliptically shaped trajectories, which directly causes off-diagonal components in the pressure.

After this introductory discussion, the full expression for the pressure tensor including higher-
order corrections is presented in section 4.3.2. This represents the first time that these gyro-
viscous corrections to the pressure have been obtained directly from guiding-centre theory
allowing for a sonic-ordered E x B velocity, and without making any simplifying assumptions
on the background geometry. As a direct application of this calculation, a non-linear formula-
tion of a kinetic-MHD model with pressure closure based on guiding-centre theory is obtained
in section 4.4.1.

A discussion of the kinetic-MHD equilibrium, and how the conventional rotating Grad-
Shafranov equation can be obtained to leading order from our guiding-centre formulation
is presented in 4.4.2. This discussion is important from a practical point of view, because it
provides a form of the equilibrium distributions, which would need to be considered when
solving the linearized kinetic-MHD equations numerically and which is consistent with the
background equilibrium which would, at least in a first step, be computed by a Grad-Shafranov
solver based on ideal MHD.

In section 4.4.3, linearized kinetic equations are developed. These equations are required
for the solution of the perturbed kinetic distribution function 4 f in the linearized kinetic-
MHD model. Our discussion is based on the long-wavelength limit of gyrokinetic theory.
An original and concise derivation of the results of Porcelli et al. [PSK94] and an extension
of these results to the rotating case is provided, based on the gyrokinetic formalism. The
adiabatic contribution to 4 f, initially found by Porcelli et al. [PSK94], is explicitly identified as
that contribution to 6 f which arises due to the pull-back from gyrocentre to guiding-centre
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coordinates. A discussion is also given towards the appropriate quasi-neutrality equation that
can be used in our kinetic treatment, if the effects of a non-zero parallel electric field § Ej| # 0
are to be taken into account.

A main benefit of a kinetic-MHD model over a purely kinetic model is discovered. It is argued
that — under the assumed approximations — a kinetic-MHD approach makes more efficient
use of the kinetic information (in terms of an expansion in Larmor radius), in comparison to a
purely kinetic approach.

Finally, these kinetic equations are combined with a fluid model formulated in terms of a
plasma displacement in section 4.4.5. The main original results of this thesis are combined, re-
sulting in a linear collisionless kinetic-MHD model, including centrifugal effects, diamagnetic
effects, kinetic effects and providing a quasi-neutrality equation allowing for the consideration
of a non-zero perturbed electric field. This model is derived based on a consistent set of
guiding-centre equations. Kinetic-MHD models that can be obtained in appropriate limits,
such as the limit of weak background rotation and with vanishing parallel electric field, are also
presented. The derived kinetic-MHD model allows for strong toroidal rotation on the order of
the ion sound velocity and can in particular be used to study the combined effects of rotation
and kinetic particle-wave interactions on the 1/1 internal kink. Other modes such as GAMs and
Kelvin Helmholtz instabilities in a toroidally rotating plasma [CWGW11, WGC13,WG16, GW17]
may also be considered with this kinetic-MHD model.

5.2 Future perspectives

5.2.1 Analytic considerations

A natural direction for future work would be to extend the analytic work of Graves et al.
[Gral3] to include centrifugal effects in addition to the effects of sheared flow. To this end,
the expressions for the bounce frequencies and toroidal drift precession, as e.g. derived
analytically in [Gral3], should be extended to include the additional guiding-centre drifts
discussed in chapter 2. We remark that the analytical expressions which are commonly used
in the non-rotating case, rely on the conservation of energy

1 2
E=Emw + uB,

to obtain the expression w = + \/m for the parallel guiding-centre velocity w. As
both the guiding-centre energy E and the magnetic moment u are constant of motion, and
the poloidal flux along a particle trajectory 7 — ¥ (1) = (¥) + egAy ({(¥),0(7)) remains approxi-
mately constant. This allows the velocity variable to be directly related to the poloidal angle
7 — 0(7) along the particle trajectory, in addition to the constants of motion E,  and the
bounce-averaged poloidal flux (y) [Gral3]. This fact allows the average drifts to be com-
puted analytically by suitable averaging in the poloidal angle for large aspect-ratio equilibria.
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In the rotating case, the corresponding guiding-centre energy is instead given by the more
complicated expression

1
E=q®+omlu+ wh]? + uB.

This expression apparently exhibits a more complicated dependence of w on the poloidal
angle, as w is the solution of a general quadratic equation of the form w? + aw + 8 = 0, where
a =2b-u # 0. That this complication is only apparent can be inferred from the discussion of
section 4.4.2, from which it follows that the “energy in the rotating frame” &, which we may
define as

& =E-qo O (y)),

can be approximately expressed, upon taking into account the guiding-centre’s radial drifting
motion, in the form

1 1
E = Emw2+uB+ qCD(D - zmu(z)

This allows the much simpler expression w = +4/2(& — uB — q®*)/ m for w, where we have
introduced the effective potential in the rotating frame g®* = g®" — 2 mu?. A formulation
in terms of the constant of motion &, i, and (¥), in addition to the poloidal angle 6 could
therefore be suitable to form the basis of an extension of the analytic results in [Gral3], to
include centrifugal effects. Of course, other modes of interest may also be investigated, e.g.
Kelvin Helmholtz and resistive wall modes, etc.

5.2.2 Numerical implementation

Another direction for future work is the numerical implementation of the proposed kinetic-
MHD model, perhaps neglecting diamagnetic effects and assuming vanishing parallel electric
field 6 Ej; = 0 in a first step. Schematically, such a linear kinetic-MHD stability code would have
the structure depicted in figure 5.1.

Such an implementation needs two basic ingredients: AMHD solver, which discretizes the fluid
equations for the macroscopic fields such as the plasma displacement, and a kinetic solver,
which discretizes the kinetic guiding-centre equations to solve for the perturbed distribution
function 6 f. In addition, a coupling code must be implemented to pass information about the
electromagnetic fields (e.g. the perturbed electromagnetic potentials § A, d¢) to the kinetic
solver, and in return outputs fields necessary for the kinetic closure (the perturbed pressure)
to the MHD solver.
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Figure 5.1 — Flow chart of an implementation of the linear kinetic-MHD model.

MHD stability code

A first “beta”’-version of an adaptable MHD stability code (tentatively named VENUS-MHD)
have been undertaken within the framework of this thesis. VENUS-MHD is written in Fortran.
The representation of the MHD equilibrium is taken from the guiding-centre pushing code
VENUS-LEVIS [PCGM14,Pfe15]. The first ingredient in this stability code is a program SATIRE2sf1 . x
to carry out the mapping of the equilibrium produced by the VMEC equilibrium solver (includ-
ing toroidal rotation [CH87, CBF*15]) to straight-field line coordinates. To this end, equation
(1.9) of chapter 1 is discretized and solved by a Fourier decomposition on each flux surface.
In addition, the VMEC radial variable s = ®/®, (normalized toroidal flux) is remapped to
Ptor = v/s. The remapped equilibrium is output in right-handed SFL coordinates (p¢or, OsrL, ).

Given the remapped SFL equilibrium, the MHD stability equations are discretized using
a Galerkin projection approach. To increase flexibility of the resulting code, this Galerkin
discretization is first formulated in terms of a general linear system of the form

X
or°

AX, (where 0 =1 or 2). (5.1)

Here X = (Xj,..., X) are the numerical variables (N depends on the particular model under
consideration), and A and B are matrices of differential operators, i.e. A is of the form

Al A Az ... AN

Ay Axpp Axz ... Aoy
A=| A3 Asx Asz Asn |,

ANl AN2 cee ANN
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where we assume each A;; to be a differential operator of the form

3
Aijf = “(O)f“LZ W3k f+ > a@e o f 5.2)
/=

k=1 k,0=1 dxkox’

Here (x!, x?, x®) = (p, 0, ¢) and we have assumed partial derivatives of at most second-order to
5(;) ag.;);k , (x%.)" k¢ are expressed in terms of equilibrium quantities
and have to be derived based on the fluid model under consideration, and the choice of

be present. The coefficients a

numerical variables Xj,..., X. As a consequence of the assumed axisymmetric equilibrium,
all the coefficients “(3) a(.l.);k, a®*? are assumed to be functions of p,6, butindependent of

ij ij
the toroidal angle ¢.

To give a concrete example, for the ideal MHD model formulated in terms of a displacement &,
one could take N = 3 with numerical variables X = (¢?,¢?,¢%), and we would have B = py1,
where I is the 3 x 3 identity matrix, and A would need to be determined by identifying the
dependency of each component of the ideal MHD force operator

8F(&) =-Vép+6jxB+jx06B.

To this end, explicit expressions for §p, 6 j, d B need to be derived and written in terms of
X1 =EP, Xp = &9, X3 = &%, to identify the coefficients A;j of A.

For the numerical discretization, each numerical variable X, (u = 1,..., N) is expanded in
terms of a poloidal and toroidal Fourier series

m . .
Xu(0,0,5,00= Y Xum(p)eMO+norAL (5.3)
m=-—

The toroidal mode number 7, and the range of poloidal modes m € [m, m] can be specified by
the user. The growth rate A (which is in general a complex number), is to be determined. To
discretize the operators A and B, the “weak form” of equation (5.1) is now considered: X is a
solution of the weak form, provided that

AB(Y,X)=A(Y,X),

forall Y = (Y1,..., Yy), where each “test-function” Y}, is itself of the form (5.3). Here A(Y, X) is
defined by

AY,X) = f Y*-AXdx.

Here Y™* denotes the complex conjugate of Y. The Fourier expansion in 6 and ¢ is particularly
convenient, since it allows us to replace differentiation with respect to 8 and ¢, by a simple
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multiplication:

i im, — —in
00 ’O(p '

The weak form of an operator A can now be represented as follows: In general for vectors Y, X:

N
AY,X)= ) Apu(Yu, Xp),
Wop=1
with A, (Y, X,)) representing the weak form of A,,,,. assuming at most second order deriva-
tives to occur, we can then write this in the form

*[ " or
(5.4)

——X
op’ 06P

AV, X) = | dpd0 ) 3 ap” oo+

! !
r',p'inp a" oF
rrp.,p

Here, radial derivative indices are denoted by 1/, r, and the poloidal derivatives by p’, p. We

have already assumed the toroidal dependency ~ exp(ing), so that toroidal derivatives corre-
spond to multiplication with in, which can be incorporated in the coefficients aL 5 P
2,
Y;, ~ e~ " \whereas Xy~ e'"? these factors cancel in (5.4), and hence an integration over ¢

a 0;n). Since both ¥ and X have only one toroidal Fourier mode number, and

is not necessary. Due to the poloidal Fourier expansion the integration over 6 can be carried
out analytically, leading to a coupled system in the radial direction, where the coupling of the
m’-th Fourier mode of the y'-th component Y{,y ;) of Y with the m-th Fourier mode of the
p-th component X, ) of X is given by

im'0 imo
A(lf(u/ymr)elm ,X(u,m)elm )

dp Z[a](p m'),(u,m)

) e [[o£) X
dp (w,mH\p dp (wm\PJ)|-

Here, the coefficients [a] W, m) (wm) [a] W, m) wm (p) are defined by
’i _ . . ; r_ 0 , :
[Q](rﬂ{m,),(“,m)(ﬁ))=p;ﬂ(—lm')p (im)P (f do et -m M’Z rp(p,@))

Note that for a straight cylinder equilibrium (no toroidal effects) the magnetic background

has no dependency on 6, and hence all the coefficients « u’f P

are functions of p, only. In
particular, this implies that the coupling between different mode-numbers vanishes in this
case. In the above Galerkin formulation, this is equivalent to the vanishing of the coefficients
[a] (rl;,r ) (m) = 0 for m' # m. When toroidal effects are included, this is evidently no longer
the case, and the coupling between different mode numbers needs to be taken into account.

Up to this point, no discretization in the radial direction has been carried out. To discretize in
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0, we make an additional expansion in terms of radial bases. To this end, for each numerical
variable X;, we fix a set of radial basis functions AEC” ) (p), where k=1,..., N; and N, is deter-
mined from the number of radial grid points (specified by the user). In our implementation,
we have chosen ASC” ) to be a basis of either 2nd- or 3rd-order Bsplines (with degree depending
on the numerical variable). As is well-known, a judicious choice of radial expansion functions
is required to avoid the phenomenon of “spectral pollution” [GR85]. Given a Fourier mode
number m, we expand Xy, ;) as

N,
5 )
Xm (0) =Y Xpum i AL (0).
k=1

Thus, the numerical variables X is can now be determined entirely in terms of the collection of
(complex) coefficients )A((#,m,k), where u=1,...,N,m={m,...,m},and k=1,..., N,. Instead of
this triple of indices (i, m, k), for the numerical implementation, we introduce a new (logical)
index v £ (1, m, k). The numerical discretization is now completed by defining the matrix

a\  w
— | AM.
(dp)k

The above procedure thus associates to an operator A, the corresponding coefficients ﬁvgv. In

coefficients

-~ -~ /. d r /
_ _ r'sr (1)
Aviy = A, m k), (um k) = § , dp [a](u’,M’),(u,m) [(_dp) Ay }

r’,r

terms of these coefficients, we have
A N i N, R R
AY,X)=) YAy Xy= ) D Y Y Aw,m k), gm o X m, k-
vy wou=1 m'm=m k', k=1

Thus, the original equation

0°X
= AX, (where o =1 or 2),
0te

is discretized as a generalized eigenvalue problem of the form
A’ BX = AX, (where 6 =1 or2),
which can also be formulated in terms of an initial value problem

_d°X

170 = AX, (where o =1 or 2).

The eigenvalue problem is presently solved by loading the discretized matrices in MATLAB and
using the eigs function (the implemented Stab MATLAB-class provides convenient wrappers
to the relevant function calls to carry this out in practice, and to illustrate the results including
spectra and eigenfunctions).

In practice, the operators A and B are determined by specifying the coupling coefficients of
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the m’-th poloidal Fourier mode of the u’-th numerical variable with the m-th poloidal Fourier
mode of the u-th numerical variable for all u’, u and m’, m. A convenient short-hand notation
for this, which is in common use is to write down the explicit expressions for

’ ’ ol
Ak, 0) = Y (—imP (im)Pa; /""" :
r'=0,r=0
p\p '
’ !l
A(klyg) = Z (_lm/)p (lm)par PP ,
ke r'=1,r=0
p.p '
n— NPT N
Atk, 0= ) (—imP GimPa 00
p\p '
. . Lo,
AWK, Y=Y (—imhP (im)P )P :
o ke r'=1,r=1

and so forth, for a given model.

For the numerical implementation, this means that once these coefficients A(k, ¢), Ak, ),
A(k,¢"), A(K',¢") are specified, the remainder of the Galerkin discretization of the operator
can be carried out abstractly and in general, following the derivation presented above. In the
present thesis, a numerical implementation of the Galerkin discretization has been carried
out. To increase flexibility of the resulting code, we have chosen to encapsulate the Galerkin
discretization of systems in an abstract Fortran type PDE_op, which contains procedure
pointers Aop_pt and Bop_pt. A new model can now be specified by creating a concrete
instance of this abstract PDE_op type, which provides explicit procedures to evaluate the
coefficients of the operators A and B in weak form. The PDE_op module then automatically
computes the corresponding matrices Aand Bfora given equilibrium, based on the specified
operator coefficients (cp. figure 5.2).

Once a model is written down, the determination of the operator coefficients is an arduous,
but mechanical process. For the currently implemented MHD models in the current version
of the code VENUS-MHD, we have made extensive use of Mathematica, to carry out the
necessary algebraic manipulations, and to write out the resulting operator coefficients which
can then be copied into the Fortran code.

The radial discretization allows the user to set not only the total number of radial grid points
to be used for this discretization, but also to specify values of the g-profile at which more
resolution is required. The code will then correspondingly create more densely packed mesh
points at the corresponding radial positions. The radial mesh packing is illustrated in Figure
5.3.

Several tests have been carried out on this preliminary implementation of the Galerkin dis-
cretization, including a tentative benchmark for a implemented discretization of the ideal
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SFL equilibrium

MHD model 1 MHD model 2 MHD model N

I

Operator
Coefficients

A B

Galerkin Discretization
(PDE_op)

!

Discretized matrices

~ o~

A B

Figure 5.2 — Work flow of abstract implementation of Galerkin discretization. The choice of
model determines the functional form of the operator coefficients, based upon which the
discretization can be carried out uniformly. This allows new models to be added to the code
with relative ease.

MHD momentum equation formulated in terms of a displacement
A2po& = 6F(&).

for an internal kink, shown in figure 1.6, chapter 1. A more thorough benchmarking of the
code and the various models that are currently implemented is however left for future work.!

Kinetic solver

The following approach to solving the spectral problem for the kinetic-MHD model of chapter
4, in the absence of rotation, diamagnetic effects in the fluid inertia or a quasi-neutrality
equation, has also been attempted. However, this project was abandoned due to several
practical difficulties, which we will summarize below. In the attempted approach, the goal is
to solve the following non-linear eigenvalue problem

—w?poé = 6F(&) -V -8Py(&w),

where 6 F(€) is the conventional ideal MHD force operator, and an explicit expression for the
perturbed (hot) pressure tensor 6 Py, (&; w) including full-orbit width effects has been given
by Porcelli et al. [PSK94]. This system describes the interaction of an ideal MHD mode with
a species of supra-thermal ions (e.g. generated by NBI or ICRH). Following the Galerkin

I Detailed derivations and explanations of the available models can be found by opening the various Mathemat-
ica Scripts that come with the code, and which have been used to generate the Fortran code for each of these
models.
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Chapter 5. Final remarks and perspectives

SN E
1 ’ 5

P

Figure 5.3 — Radial mesh-packing based on g-profile: Specification of the list of values g = 1,2
leads to more densely packed radial mesh points near the corresponding g-values, and enables
higher resolution of the singular layers in ideal MHD. Higher-order radial basis function (3rd
order B-splines) (top), lower-order radial basis functions (2nd order B-splines) (middle) and
corresponding g-profile (bottom).
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5.2. Future perspectives

procedure described above, leads to an eigenvalue problem of the form
~0*BX = AX + C(w)X,

where the additional matrix C (w) depends on the eigenvalue, and w — Cc (w) is a holomorphic
function of w in the upper half-plane (corresponding to unstable modes — we did not consider
continua). This approach thus suggests to treat the spectral problem of this kinetic-MHD
model as a “non-linear” eigenvalue problem, which asks to determine w and X, such that
M()X =0, with M(w) = w?’B + A+ C(w).

Major difficulties with this approach include the following:

* While there exist some numerical libraries such as SLEPC, which can in principle tackle
non-linear eigenvalue problems of this form, the methods are by far not as well devel-
oped as for usual eigenvalue problems.

e The matrix structure of M (w) goes from a sparse to a full matrix with increasing radial
orbit width of the additional hot particle species. This poses problems with the available
memory.

Other codes, which successfully follow a similar strategy (such as MARS-K [LCCHO08], LIGKA
[LGKP07]) make various simplifications to make this problem more tractable. As a conse-
quence they do not take into account full finite-orbit width (at least not in a completely
consistent way). Work by Porcelli et al. [PSBZ92] has in particular shown such effects to be
important for the internal kink, and therefore it would be desirable to not make such simplifi-
cations. Perhaps even more fundamentally, the problem of kinetic corrections to the inertia
(see [GHHOO, appendix], or [ZC14]) are captured only on inclusion of the radial drift of a parti-
cle across the radial structure of the mode. Inertia corrections apply in particular to thermal
ions, so it appears that capturing the orbit width corrections is necessary for all ions, not just
minority ions.

Therefore, a fresh start appears necessary for the implementation of the kinetic-MHD system.
If only the most unstable mode is to be determined, then an initial value problem would be
suitable, which evolves the fluid and kinetic models congruently, suggesting a conceptually
simple PIC approach to this problem.
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.\ Banos drift in purely sheared back-
ground

A.1 Introduction

It is instructive to see how the inclusion of higher-order terms in equations (3.8)-(3.11) dis-
cussed in chapter 3 (based on the detailed derivation presented in chapter 2) can account for
the Banos drift for a simple example. The present discussion extends the results of [PGC15, Ap-
pendix A] and has been included in the publication [LPGC17, appendix].

We consider the sheared magnetic background B(x) = By[sin(rx)y + cos(rx)Z] in cartesian
coordinates (x, y, z). This field satisfies V-B=0,VB=0,x =b-Vb=0and 7 = b-V x b,
justifying our choice of the notation for the parameter 7. The analysis detailed in [PGC15]
shows that for small enough values of 7, a particle with initial data

X0=0 yo=po 20=0

. . . (A.1)
Xo=up yo=0 2o=1p
will follow a closed orbit in the (x, y) plane, and that to leading order in 7, we have
(- vy = 110 (A.2)
z Vo = 490 , .
2
(W) = vp = ——2 (A3)
Il 4Q, ’ .
so that
- oy = B _TH (A4)
V4 U|| = ZQO = q . .

This result is astonishing, because it implies that even in the absence of a finite vj; component,
the guiding-centre will drift along B. This guiding-centre motion is induced by the shear.
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0.1
0.05t
E 0
-0.05} —x() ||
—y(t)
—z(1)
-0.1 : : : : :
0.5 1 1.5 2 25 3
tls] x 107

Figure A.1 — Temporal evolution of x, y, z coordintes for particle with initialization (A.1). The
parameters were set as E = 10keV, 7 = 1, By = 0.5T. The Bafios drift in the z-direction is clearly
visible.

A.2 Derivation from Lie perturbation methods

We shall now explain how the above result based on the Lorentzian equations of motion can
be obtained from the equations presented in section 3.2. We fix e; = X, which determines
ey = b x e; = —sin(1x)y + cos(rx)Z. One obtains Vb = 1 cos(tx)Xy — T sin(7x)XZ, so that

e;'Vb-e) =T, e;-Vb-e; =0,
eg«Vb-e1=0, e2~Vb'e1=0.

Using the definition (cp. equation (2.23)) of a;, we arrive at the simple relation
a1:Vb=1/2(2cos*{ - 1). (A.5)

Using also the vanishing of the other terms in (3.9), the general relations evaluated at the
guiding-centre position X = Y = 0 reduce to first order in gyroradius to the simple form

x = pocos((), (A.6)

¥ =—posin((), (A7)

Z=2z, (A.8)

U=v+2 cos2(c)+1). (A.9)
q 2

The initialization considered here is then seen to correspond to { = —n/2, which yields the
following initialization of the guiding-centre: Xy =0, Uy = v + %. Due to the vanishing of VB,
the guiding-centre velocity satisfies U = 0 for this particular equilibrium, from which it follows
that U = U for all times, i.e. U = vp + %. Gyroaveraging equation (A.9) yields U = (y)) + ”—qr.

134



A.2. Derivation from Lie perturbation methods

Equating the two expression for U, we find

() —vo = =2 (A.10)
24

Observing that X =0, Y =0 and Z = U +nut/q, we find

Z—-vg="—. (A.11)
2q
Equation (A.10) is equivalent with (A.3), whereas equation (A.11) recovers (A.2).

Substitution of {(¢) = Qt —m/2 in (A.9) yields
HT [ . 2 1
U=y +—|sin“(Q)+=|, (%)
q 2

relating the temporal evolution of the full-Lorentzian parallel velocity v, to the guiding-centre
parallel velocity U.

1 " T 0.035

— VY =Vvb — simulation
o<V, > — Lie perturbation
I 0.03
—U=(
05
0.025}
g _ 0.021
g €
20 ~
> 0.015[
0.01}
—05F|--F-F-4—bF -4 =-q4=- ===t -
0.005
-1 . 0 . .
0 1 2 3 0 1 2 3
tis] x107 tisl x107

Figure A.2 — Temporal evolution of v|; and the z-coordinate for the same particle of figure A.1.
Indicated in red are relevant expressions obtained from the Lie perturbation theory.

The temporal evolution of v = b(x) - v computed from numerical integration of the Lorentzian
equations of motion is depicted in figure A.2. It is interesting to note that for the present case
under consideration the local particle expression for v does not even agree in sign with
the guiding-centre expression (x) for the parallel guiding-centre velocity U, above. A careful
distinction should be made between the guiding-centre and local particle parallel velocities. In
figure A.2 on the right, it is shown that the predicted parallel drift recovers the average motion
in the z-direction to good accuracy.

We emphasize that these results have been obtained using the conventional guiding-centre
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Appendix A. Banos drift in purely sheared background

Lagrangian, without the additional high-order terms considered in (3.4). Consistent inclusion
of all first order corrections in (3.9) was necessary. In particular, this indicates that with a
judicious choice of guiding-centre variables, guiding-centre following based on the Lagrangian
(3.21) is sufficient to account for the particle dynamics induced by first-order variations in B,
also parallel to the field lines.
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Detailed derivation of gyroviscous

tensor components

In this appendix, we present the details of the derivation of the gyroviscous pressure tensor

components of chapter 4.

B.1 FLR correction (I) — evaluation of eq. (4.13)

We evaluate the contribution of
f d*v mw [V + Vgcb| F.
where we use (2.32)

2
H v+ Y b.vp
qB Q

db
—+b-Vu

Voc=b
ge = DX dr

w

+ —b x
Q

The relevant contribution of this correction to P, is therefore

QPy =bx | Py (% + b-Vu) +qi VB +2q||||1(] ,

where x = b- Vb denotes the field line curvature.

B.2 FLR correction (II) — evaluation of eq. (4.14)

We evaluate

3 <(0) o (1 < (1) ~(0
[ @vm|pQo +o26Q] F

+—=bx—.
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Appendix B. Detailed derivation of gyroviscous tensor components

This term requires the evaluation of the first order correction to pg.. We have

Pgc =0+ X -V+ 100y, +(0;)pgc
=(Q0;p0 +elM0rpo+epdipo+es X -Vpo+esl Vo p.

We note that
. [2uB(X,1) _
Po=pop = 'U—P(X»(, 1),
m
so that
1 ~
Vpo = leogB®p0+p0Vp, (B.1)
1 ~
01po = EatlogBPO +000:P. (B.2)
Furthermore,

. . 1
{O=q, ((”:R-W+S+§b-V><W,
with R=(VL)-p=(Ve)) ey, S=p-0,L = e;-0,e;, and W = u+ wh. We can now write

1 R
—p1=[R-W+S 1+

I +Q(3(p1/p0
Po

1
-b-VxW
2

+=[@;+W-V)logB|p+(0;+W-V)p.

DN |~

We can further simplify this expression, by noting that
[0, +W-VIp=—(0,+W-VIL-p) L~ ([0, +W-V]b-p)b

(B.3)
-ﬁ) b.

=-[S+W-RI1 ([db+w1(
B dt

Thus, we find that the terms involving R, S cancel, leaving an expression that is written in
terms of derivatives of B and u:

1
_PIZ

1+Qa(p1/,00
Po

1
-b-VxW
2

1 N db ~
+5[(0t+W-V)logB]p—([E+wx} -p)b.

138



B.2. FLR correction (II) - evaluation of eq. (4.14)

We then find, using p= b x L and hence A-p = —bx A- 1, that

(0) 2uB .
mpg ye) = =~ Loyl 1p0)

B -~
== 1b-Vx WL + 2uB)pp1/po)

+ % [0, +W-V)logB](Lp)

+2pB

Q

_uB1

Q2

+(AS)+£(bx [@+wx])b,
Q dt

X

db ~
T + wx] (LL1)b

[b-V x W] (I - bb) + 2uB)(pp1/po)

where (AS) is an anti-symmetric term, which will cancel in the final expression for the pressure,
which is symmetric. To complete this calculation, we still need to evaluate (pp1)/pg. Since this
expression is a gyro-average, we only require the contributions to p;, which can be written as
odd polynomials in p, L.

In general, we have the following expression (cp. (2.36))
x (. ¢ x, 1l x o.-x
p1=-Gl+3 (Gho,+Glag)GY + S G-V,

where Gf‘ = —py. The perpendicular component of Gg‘ can be written (cp. (2.41))

1

1
Gg{i ) (840 + 800¢) po + 5(b~v x W)po,

where

G’f =gu+upo-VlogB,
G =g -po-R.

We find that
1
p1=—G3 b— (8.0, + &) po - a(b'v x W)po
1 1 1
= 5 H(Po-V10gB)0yupo+ 5 (po-R)O¢po+ S po-Vpo
X 1
= =Gy, b — (80 + 8:0¢) po - ﬁ(b'v x W)po

1 1 1
=4 Po-ViogB)po+ = (po-R)Icpo+ 5 po-Vpo.
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By similar manipulations as in equation (B.3), we observe that the last term can be written

D[R

2
POt ot A o S o 1
S @ RL+p-Vp]=-"2p-Vb-p=—-2po-Vb-po,

and thus
1
p1= _(guaqug(a()Po—ﬁ(b-V x W)po
1
-G+ EPO'Vb'PO b.

This expression is still completely general, and recovers equation (49) [Bril0] in the limit z — 0.

Citing the results of chapter 2, equations (2.96), (2.84), (2.93) and (B.6), we find

Gg‘ll_——po bx[b-VW+W -Vb+4,b]
y o (B.4)
—M—Q[ﬁﬁ—J_J_]:Vb
U m
gu=——b-VxW+—po-[(W-V)W]
Q B (B.5)
+ Epl+1p):vw+ "o, 0w .
20 P p): BPO tvv,
q
8¢ == -0us3
1 —
=——(pp-11):vw
o PP-L11) (B.6)
bxVB g 1
2EYE L bx (6, +W-V)W].
+Po B ZMQPO x [(0 + W]

We only require the contribution to GQXH that is linear in p, L and the contributions to 8w 8¢

P

which are constant or quadratic in p, L. We can therefore take

1
G, —»—apg-bx [b-VW + W -Vb+0,b)

1 1~ -
IRu) — ——b-VxW+—((pL+1p): VW,
8ul2H) = =50 b Vx Wi iq el +1p)
1

~ 10 (pp-L1):Vvw,

8¢
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B.2. FLR correction (II) - evaluation of eq. (4.14)

when carrying out the gyroaverage (pp1/po).

P11 po) = ~(gu! 2)PP) ~ (8rpL)

1
— 5 & VX W)PP) — Gy, p)b

1 1/ | ®@1I+1p
ZQ(b VxW)(pp)+Q<pp[ 1

ow)

:VW> —é(b-Vx W){(pp)

1 1
—5(ﬁﬁ)-(bx b-VW+W-Vb+§0tb])b

1
—E(b-vx W)(I—-bb)

1 1
——(bx 2w1(+b-Vu+u-Vb+—6tb])b.
2Q 2

After carrying out the remaining gyro-averages, we find

B
(2uB)(PP1/po) = ~5=(b-V x W)(I - bb)

B
Z_Q [(ViWa+VoW)(er1e1 —ezer)

+(VoW, — Vi) (ere; + ezeq)]

B
—%(bx [2wx+b-Vu+u-Vb+0,b))b.
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We therefore finally have

B
m (R + e = E= 1b-vx Wi -bb)

+ (ZHB) |[@P100) + (R0

o (o= |G o] o 0]

+Q (bx dt+w1( b+ (T)

—@[(v Wo +VoWj)(e1ey —erer)
=50 1 W2 2Wi)lere; —ezer
+(VoW, — VW) (ere; +ezer)]
+@ (bx[@+wx
Q dt
o

uB
uB
=3q [(ViWs + Vo W) (e1e1 — ezer)

+(VoW,o —ViWi)(ere; +eze)]

)b+(T)

db
2wk +b-Vu+ —
dt

)b+(T)

+%[(b>< [~wic—b-Vul) b+ (7)),

where (T) indicates the transpose of the term to its left.

B.3 FLR correction (III) - evaluation of eq. (4.15)

We evaluate
e —eBd?’vm[p(O) (po-Vu)+(po-Vu) p(O)]F
We find
(III)=—€Bfd3vm[pgc(po-Vu)+(pgc-Vu)po]F
=—€p fd3 [J_(p Vu)+(p-Vu) L] F

=—635[e1(ez Vu)—ex(e;-Vu)

+(ex-Vu)e; —(e;-Vu)ey].
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B.4. FLR correction (IV) — evaluation of eq. (4.16)

This can be further simplified as

P
(1) = EL [(Vauz — Vi) (ere2+ eze))
+(Voug +Viug)(ere; — ezer)]

+%[bx (Vu-b)+ (1]

—%(b-Vx u)(I - bb).

B.4 FLR correction (IV) — evaluation of eq. (4.16)

We evaluate

wuB
Q

—V-[dsv mwpo[bp(goc)+p(g%)b]F=—V-fd3v F[2(pb1)+2(p1b)]

)

qJ_
- _v. (% [2(pb1) +2(pL1b)]

and
Z(ﬁbi> + Z(ﬁlb) =e1(eob+ bey) —ex(e1b+ bey).

We have

1 1
q ~ ~ 1 q
V. %[2(ﬁbl)+2(ﬁlb>] =— EVqHL—ElVlog(B))-[el(e2b+be2)—eg(e1b+be1)]

€L

q
- %v- [e;(esb + bey) — ex(ey b+ bey)]

_ é (bx|vat - qtviog®)| )b
1

q
— %V- [e1(exb+ bes) —ex(e1 b+ bey)].

Here

V- [el(e2b+be2) —eg(e1b+be1)] = b(b X K) + (bX K)b
—2(b-Vxb)bb+ (b-Vxb)(I—bb)
+(Viby —V2bo)(e ez + ezer)

+ (Vibo +Vabi)(ezer —eje),
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hence
Vqi — g Vlog(B) - giyx | b

1
—V-fd3vmwp0 bp(g%)+p(g?b]F:5bx
1

—%(b-be)(I—bb)

Zqﬁ
———(b-Vxb)bb
Q

p
- % [(V1b1 —V2bo)(eres +ere;)

+ (Viba +Vab1)(erez — ereq)].

Interestingly, the contribution Vlog(B) here exactly cancels a similar VB contribution from
eq. (4.13) which is obtained as a result of the magnetic VB drift, so that the final expression is

written in terms of the field line curvature x = b- Vb and not VB.

B.5 Identities involving moving frame

We have a moving frame ey, e,, b, as well as a rotating frame p, I, b (cp. (2.22)), where

p =cos(e; —sin(()ey,

1= sin({)e; + cos(()e-.

It follows that

o~ 1
(pl)= 5(9192 —ezer).

and hence
1 - 1
(pbl) = E(el be; - exbey), (pLb)= E(ezbel —ejbey).

Then
-~ o~ 1
(pbL)+(pLb) = 3 [e;(exb+ bes) —es(e1b + bey)].
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B.5. Identities involving moving frame

We compute

V(e (82b+ bez)] =(V- el)(e2b+ bez) + [(e; - Veg)b+ b(el -Vey)]

+[ex(e1-Vbh) + (e; - Vb)es]

=[e;-Vey-eq] (e1b+ bel)

+[V-.eq] (e2b+ bez)
+2[e;-Vey-blbb
+2[e 'Vb'ez] ezer

+[e1-Vb-ei]l(ejex +eze),

and, permuting 1 — 2, we find

V. [ez(e1b+ bel)] =[ey-Ve;-e)] (e2b+ beg)

Thus

+[V-es] (e1b + bey)
+2[ey-Ve;-blbb
+2[e» -Vb-el] e e;

+ (e Vb- e (exe +ejer).

V-{le1(exb+ bey)] —[e2(e1 b+ be;)1}

=[e;-Vey-e; —V-ey] (elb+be1)

+[V-eg—ex-Vey-es] (eab+ bey)
+2[e;-Vey-b—ey-Vey-blbb
—2le;-Vb-ejle ey
+2[e;-Vb-es]ezes

+[e;-Vb-e1—ey-Vb-er] (e1ex+eze)

= [—b-Vez b] (elb+ bel)

+[b-Ve;-b](exb + bey)
—2le;-Vb-es—ey-Vb-e 1 bb
—2lex-Vb-ejleje;
+2[e;-Vb-er]eze

+[e;-Vb-ej—ey-Vb-er] (e1ex + ezeq).
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Appendix B. Detailed derivation of gyroviscous tensor components

We can combine the terms proportional to e; e; and e, e, by observing that

2lex-Vb-ej]=[es-Vb-e; +e1Vb-e;]+[e;-Vb-e;—e1Vb-es]
=[es-Vb-e;+e;Vb-e;]—b-V x b,

2le;-Vb-ey]=[e;-Vb-e; +e;Vb-e]+[e1-Vb-e; —e;Vb- e
=[e;-Vb-e; +esVb-e;]+b-V xb.

Therefore,

V-{lei(e2b + bey)] —[ez2(e1b + bey)l}
=[Kk-e)](etb+be)) +[-k-e1](exb+ bey)
—2[b-Vxblbb+[b-V x b] (eje; +ezey)
+[e;-Vb-es+e>-Vb-e](exer —ejer)

+[e;-Vb-e;—ey-Vb-e)](e1ex +ezer).
Finally, we observe that

[x-ez](e1h) +[—x-e1](exb) =[(x-ex)e; — (k-e1)ex] b
=[(kxb)-eje;+ (K xb)-exe)] b
= (x x b)b,

SO

V-{(pb1)+(pLb)} = V-{lei(esb+ bey)| - [es(e1 b+ bey)l}
=[(x x b)b + b(x x b)]
—2[b-Vxblbb+[b-V x b](e1e; +ezey)
+[e;-Vb-e;+e,-Vb-ej] (exes —e1e1)

+[e;-Vb-ej—ey-Vb-er] (e1ex +ezey).
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